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Chuong I
Dao dong tuyén tinh cua hé mét bac tu de

1.1 Dao dong tu do khong can

Thidu 1.1 Vat c¢6 khoi lugng m = 5 kg

o - & w £ -~ - 4
dit trén nén nhin. Cac 16 xo ¢6 df cing 7 m LA e & f:',
#
¢, =¢3 = 10" N/m, ¢; = ¢, = ¢; = 10° N/m. 7 7
Hay xac dinh d6 cing tuong duong cua hé ~ VIITITIIII 77 g
16 X0 va tan s6 dao dong riéng cua hé (hinh Hinh TD1.1

TD 1.1)
Loi giai. D6 ciing tudng duong cua céac 16 xo song song ¢, ¢, C3:

€5 =C| -E-Cz-i-CjI

D6 ciing tuong duong cua cac 16 xo néi tiép cy, ¢;:

111 ec,
— = e — T C.qs [ S
an C4 C!i C4+C5

D6 cling tuong duong cua cic 1o xo song song ¢,; Va ¢y

Y om o m BE e Re— TL Y WP K
e =g, FC,. =0+ +G =Tl m.

C4+Cj

Tan s6 dao dong riéng cua hé:

o, = | = 65574 rad /s
m

Thidu 1.2 Trong lugng vat treo la P. Lo xo co do dai ty nhién [, d6
ciing ¢, trong luong P,. Tim chu ky dao déng cta vat (hinh TD 1.2)
Loi gidi. Bién dang cta 16 xo tai vi tri s:

z(s)

=£-+a:(s)=z-
8 [

~ | tn
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Suy ra: z(s) = 'r-i—’ i*(s) = xﬁ_
Déng nang cua 16 xo:
I
P
T, = . jvz (s)dm; dm =—ds
23 gl

Dong niang caa hé:

T=—2z+ >
29 2l 51 2g

P P:}ifiz i[sz P+&3

Thé nang cta 16 xo d6i véi véi vi tri cin bing tinh cha vat:

€ 2
[1=—2zx

2
Thay vao phuong trinh Lagrange loai II:
d 8T, oT _ &Ml

A e et

Phuong trinh vi phan dao déng cua hé:

P
p+o
(P+2)

T+cx =0

Chu ky :

:,«Wéf:?
s
\_
[
e
~ |
Hinh TD 1.2
AK
Co B
— AMAAAM,
i C@ﬁ_
4
Q a

TR0

Hinh TD 1.3

Nhdn xét: Khi ké dén trong ludng P, cta 16 xo, trong ludng ca hé coi nhu

tidng lén P,/3.

Thi du 1.3 Dung cu do dao djng thing ditng. Tay don AOB ¢6 mdémen
quan tinh déi véi truc quay O 1a J. Ld xo xo0dn c6 do ciing ¢;, 10 xo thing
c6 dd cing c,. Déi trong cé trong lugng Q. Cac khoang cach OA = a,
OB = b. B6 qua kich thuée cia d6i trong va stc cing ban dau cua cac 16
xo (hinh TD 1.3). Tim chu ky dao déng nho cua kim K quanh vi tri cin

béng.

Loi gidi. Phuong trinh vi phan chuyén dong cia don OAB:
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(J +9-n.3)¢5+(cl +c2b2]g{3 =0

g
- W5 +cb’ 8
ay: 4 _gp=0.
v Jg + Qa’ 9w
Gt ke Tty | ST PHE
g(c, +¢,b°)

Thi du 1.4 Vélang duge gin vao thanh bang thép dai ! = 2 m, dudng
kinh d = 0,5 cm. Cho vélang mot goc quay ban dau rdi tha ra, nguoi ta
do duge 10 dao dong xodn trong 30,2 s. Tim moémen quan tinh doi v
truc quay cua vélang va thanh. Biét médun trugt cua thép G = 80.10
N/m? (hinh TD 1.4).

Ldi gidi. Phuong trinh vi phan chuyén déng cia hé:

J{é=—crp—}¢i+wigo=0;m§=§. YAt s
T4n sd riéng cua dao déng xoén: [
w, = ZJT-E)— =2,0817ad /s.
30,2 g ;
D¢ ciing cua thanh: ¢ =GI /I,
véi I, 1a mémen quén tinh déc cuc cua mét cat ngang Hinh TD 1.4
d* 2 -
=22 _ 7 (0,5.10%) =0,006136.10"
: 32 32
9 -3
Do cing: o= sl % 0'(2}06136'10 = 2,455 Nm [ rad
Suy ra: J=—= 2’4552 = 0,567 kgm?.
w?  (2,081)

Thidu 1.5 Mét truc quay dai /, nim ngang, mang hai dia ¢ hai dau.
Mémen quén tinh cia cac dia d61 véi truc quay 1a J, va J,. D6 cling xoén
cua truc la ¢ . Hay xac dinh quy luat dao déng tuong déi cua hai dia.
(hinh TD 1.5).

Loi gidi. Déng niang cua hé:
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SN e,
T:EJL-I;ZJI +5J2¢'2
Thé nang cua hé:

1
M= cle, -9)

Phuong trinh vi phan dao déng xoin ctia hé:

) @,
J§ +clp,-9)=0
J,$, - cle, -9,) =0
h VA A
ay:
Jy J
e _de - 9)
‘ J, Hinh TD 1.5
PR oY
2 Jz
b, -6, = (o +=)clp, - ) )
2 1 J} J'r2 2 I _
Néu dat v = ¢, - @, tit (1) ta co:
b ol b Y =0 @)
oty

1 2

Ta thdy géc quay tuong déi clia hai dia thay ddi theo quy luat dao dong
diéu hoa. Tan s6 dao dong riéng la:
@, = c(:;— + JL) :
| 2

Thidu 1.6 Dia tron déng chat ban
kinh r, khéi lugng m, lian khéng trugt
trén nén ngang. Hai 160 xo cung c6 do
cling ¢, nd1 véi dia ¢ khoang cach OA =a
téi tdm dia. Tim tan s6 dao déng riéng
cua dia (hinh TD 1.6)

Lai giai. Dong ning cua dia: Hinh TD 1.6
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= =~l-'m:.,'r2 +iJ w’
2 2]
T=li'?1..“':2 +—~7fn;"'z(—m—)2 =§—m;é:
r 4

Thé nang cua hai 16 xo:

)‘2 Iz

szlc(a+r
2

e

Phuong trinh vi phan chuyén dong cia dia:

. de(a+T1)
:c+———————(a r) T =

2 0 =
3Imr ¥
Téan s6 riéng cia dao dong: ‘lﬂ l
b

c

2
o, = J}c%i;l rad / s.
mr
7

Hinh TD 1.7

1.2 Dao déng tu do cé can

Thidu 1.7 Mbt vat thé dao dong tinh tién, luc can ty 1& bac nhat véi
van toc (hinh TD 1.7). Trong 3 gidy ngudi ta do duge diing 11 d6 léch cuc
dai theo hai phia (titc 1a 5 dao déng) va ghi lai két qua duéi dang bang
sd nhu sau:

0 i 2 3 3 5 6 7 8 9 10

ymax

(mm) 120(-10 {76 |-62 |53 (-42 |35 |-27 |21 |-1,8 |14

Hay xac dinh d6 tit 16ga A va hé s can & cua dao dong.

Loi gidi. Chu ky dao dong tat dan:
i o poe
5

Do tat1oga: A =6T" = %m% =0,424

Hésécan: & =£_— o =0,707 s™.
T 0,6

¥
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Thi du 1.8 Dia tron dong chat c6 khoéi lugng 1a m= 50 kg, ban kinh
r=0,5m lan khéng trugt trén nén ngang. Lo xo ¢6 dd cing ¢ = 75 N/m,
hé s6 can nhét & = 10 Ns /i (hinh TD 1.8). Xac dinh:

a) Do can & va d6 can Lehr D, tin s6 o, chu ky dao déng tat dan .

b) Chuyén dbng x(t) cha tam dia, khiz =0:x=-0,2 m; @ = 0.

X

—
r :

L

Léi gidi. Phuong trinh vi phan chuyén dong song phang cia dia:

X
— >

[ \se

y MmE
i Fm:.-
N

Y

cX

-

N »
N

/_

Hinh TD 1.8

mi=F -—cx-bi

ms
]
7 e “
—mr @ = —rkF
= @

s
—

Tu diéu kién lan khong trugt cua dia ¢ =1¢ — & =r¢ ta nhan dudc

phuong trinh vi phan chuyén déng cia tam dia:

3Im 3Im
j5+25:1}+(uj;1: =10

2c 2.3

Tan s6 dao dong riéng (khong can): o, = [— = ,[—— =17ad/s
3mn i)
a) Do can, tan sé dao dong va chu ky :
b 5
fe? o peitet 5 D=L 0066
3m  3.50 10

i

© = \Jo} -5 =\1-0.0667" = 0,998 rad /s
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27 2n

" 0,998

6,30 s.

b) Chuyén déng x(t) la nghiém clia phuong trinh vi phan:

z=Ae” sin(wt + a) = Ae "™ $in(0.998 + a)
Suy ra:

& = —0,0667Ae™ ™ sin(0,998¢ + a) + 0,998 Ac™" ™ cos(0,998¢ + )
Khit =0:

z, = Asina = -0,2

i, = —0,0667Asina +0,998Acosa =0
T d6:

A=-02004 m; a=1504 rad

z = —0,2004¢ """ sin(0,998t + 1,504) m.
Thidu 1.9 Mot may bay ha canh duge md hinh hoa cd hoc bdi mét he
gdm khoi ludng m, 16 xo ¢6 dd ciing ¢ va luc can tuyén tinh véi hé s6 can
b. Khi ha canh, luc nang va trong lugng may bay cin bang nhau, van téc

ha xudng 1a v,.= 2 m/s. Sau khi ha canh, may bay bi ham va lin cham
trén duong bang.

Biét: m = 10° kg; ¢ = 3.10° N/m; b = 2,74.10° Ns/m (hinh TD 1.9).

Coi u 1a toa dd trong taAm cia may bay khi bat dau ha canh. Xac dinh:

Hinh TD 1.9
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a) Tan s6 dao déng theo phudng thang ding clia may bay

b) Qua trinh dao déng thing ding va gia tdc theo phuong thing ding
cua may bay khi lan trén dudng bang.

Loi giai. Phuong trinh dao déng cua may

bay theo phuong théng ding khi cham dat véi luc nang F(t):
mi+bi+cu=F()-mg=0

véi diéu kién dau:
u(0)=0;4(0)=-v, =-2m/s

it

a) TAn s6 riéng va d6 can:

Tan s6 dao déng tit dan:

w=\w -8 =1,06s"

b) Nghiém ctia phuong trinh vi phan dude tim 6 dang:
u(t) = Ae™ sin(wt + a)
u(t) = -6Ae ™ sin(wt + a) + wAe™ cos(wt + )
Tu diéu kién dau : u(0) = 0; 4(0) =-2m /s
ta nhan dudc :
A ==0,326 m; a = 0.

Do d6 dao dong theo phuong thﬁng ding trong khi may bay lan trén
duong bang la:

u(t) = 0,326 sin(6,13¢).

Gia téc theo phudng théng ditng:
i(t) = e¥"(5,48 cos(6,13t) + 11,65sin(6,130]
i =10,23m/8* khit =0,15s
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Thi du 1.10 Trong nhiéu bai toan thiét ké, nguoi ta phai lip cac phan
td cAn va phéan tit dan héi néi tiép nhau nhu hinh TD 1.10. Hay thiét lap
phuong trinh vi phin dao déng cua hé va tim diéu kién xuit hién dao
déng tu do c6 can.
X
X §|__)!2
: 4 3 = A . 2 2 4

phan tu can. Diém A chiu tac dung cua l |
lyc F, = bz, Bién dang cua 16 xo 1a x,-x,, H I—b—wc m
do d6 & diém B xuit hién luc dan hoi
Fd‘h = c(xrxl). Tach néng phén tu 16 xo Hinh 7D 1.10
AB ta cé:

‘Fc =.bi‘1 = ‘F:ua - C(:L'z - II) (1)

Loi giai. Goi A 1a diém néi gilta 16 xo va

WY,

Ap dung dinh luat Newton hai d6i véi chat diém m ta co:

mi, = —c(z, — z,) (2)

Tu (1) va (2) ta co:

&

bi, = c(z, - 1) =-mi, > 1, = —%ff, (3)

Tu (3) suy ra :

z =—%£2+E @)

1
trong d6 E 1a hing s6 tich phan.
Thay (4) vao (2) ta dudc:

y m . . cm .
mi, =-c(z, + —z, ~E)=>mi +—1&, +cz, = cE (5)
2 2 b 2 2 b 2 2

Hing s8 E duge xéc dinh t¥t cic didu kin diu. Néu cho z(0)=0,
z,(0) =0 thi E = 0, khi dé phuong trinh (5) c6 dang:

w . B c
a:2+—-:::2+;:r:2=0 (6)

(6=

Tw d6 suy ra o’ = =

c
m

Diéu kién 6 < o, dan dén: L JE = -I-Jmc <b.
2b m 2



14 BAI TAP DAO DONG KY THUAT

Thi du 1.11 Vat c¢6 khéi lugng m = 0,5 kg, 10 xo ¢6 dd ciing ¢ = 245
N/m, hé s6 ma sat trugt gita vat va nén la = 0,2 . Kéo vat sao cho 15 xo

dan 3 cm rdi budng ra khéng van toe dau (hinh TD 1.11). Hay tim:
a) Chu ky dao déng va bién d6 dao déng tit dan.

b) Vat thuc hién dudec bao nhiéu dao A N
dong cho téi lic diing?

A
Loi giai. Liuc ma sat phu thude van toc M LK N

clia vat: Y7 P
: /
{ umg khi & <0 4 x Ymg
=g s o0 Hinh TD 1.11a

Phuong trinh vi phan chuyén dong cua vat:
mi = —cx + umg (2 < 0),

mi = —cx— umg (t>0).

o ¢ 245

=0,004 m.
Hai phuong trinh vi phéan trén duge viét dudi dang:
(E+§)+@ (zts)=0

Do d6 chu ky cta dao déng tat dan:

i :—£=2E\/E=2fr 193 _ 0284
w, c 245

Thoi gian chuyén dong giia hai khong diém: 7 = % =142 5.

Nghiém cua (1) dugc tim dudi dang:
(x+s)=Asinwt+ Bceosat.

Ti diéu kién dau ta cé:
t=0:2,=3cem,z, =0

- A=0; z,ts=8B

Do vat chuyén déng theo hudng am, nén: B = x,- s

v
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X-8 = (X,-8) coswgt.
Bién dé dau tién dude xac dinh ti diéu kién + =0
d, s

E(I -5)= -, (r, -s)sinot=0->1t= _fu_ :

Dodé =z =-(z,—2s)=-2,2 em(tinh tit 0).

Déi véi dao dong tiép theo, cac diéu kién dau méi la:

T A
£=——;I::—(.’I?(!—23) ______ )
w” x[]. =
3,2
z+s=Csin @t + D cos @,t Xo N\

€T :I“ — 45 = l:4 cm 28 & e

-
4

SR/

X.
Tuong tu, ta c6 (hinh TD 1.11b): ”“:j_x&',_ v
I = -—(:I:ﬂ = 65] = —0',6 cm

3

r, =(z,-8s)=-0,2cm

it S
—_— ks =T - L, i 210
C=0D=z, -3s | JJ@N\ g

Hinh TD 1.11b

Vay vat da thuc hién 4 dao déng véi khoang cach gitta 2 dinh 1an luot la:

z, +lr|=3+22=52cm; |z|+2,=22+14=36cm

IIJJ'F.’E]

=1,4+0,6=2.0cm; |;1:l‘|+:r:J =0,6-0,2=0,4 cm.

1.3 Dao doéng cudng bitc cia hé chiu kich déng diéu hoa

Thi du 1.12 Pitténg c6 khél lugng m = 0,01 kg;
dién tich S = 4 em® ; chiu ap sudt cua hoi theo luat

p =40 +3()sin%;£t (N /em?),

trong dé: T- thdi gian quay 1 vong caa truc may tao
hoi. Lo xo ¢6 dd cing ¢ = 30 N/em (hinh TD 1.12).
Xac dinh dao déng cua pitténg khi truc cua may tao
hdi quay 3 vong/s.

Loi giai. Goi Q = 3 vong/s = 6n rad/s

1

»
)
'
™
]

. W T

1 HARAAA

Fatiiattant iR

Hinh TD 1.12
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Luc kich dong:

P=pS= 3(40+303in3§~:)-, Pasm

— ==,
Q

W | —

Phuong trinh vi dao dong cua pittong:
mi + cz = S(40 + 30sin Qt)

z +m§a: =-£}-O-—S-+3—0§sinﬁt
m m

Tim nghiém riéng dudi dang:
z=AsinQt+B — & = -Q*AsinQt
Sau khi thay vao phuong trinh vi phan, so sanh cac hé sé ta dude:
& 3032: 30x 4 - w45 e
c—mQ 30-0,01x36xr
405 _40x4 16
T ¢ 30 3

B
Dao ddng cua pittdng:
T =4,5sin 6zt +%f—.

Bién d6 A = 4,5 cm.

Thi du 1.13 Mgt dong cd dién gin chit trén
mot tAm d3. TAm d6 dat trén 10 xo, 10 xo dudge
chon sao cho dudi tac dung cua luc 294,3 N né
bi bién dang mot doan 1 cm. Trén truc cua
métd gdn mot khai lugng phu m, = 0,2 kg cach

truc O mot doan e = 1,3 cm. Van tdc goc cua L M IT}
dong co Q = 30 7. Khéi lugng ca hé la m = = e
32,7 kg. Hay xac dinh dao déng cudng biic ciia

tdm dd, biét rang lic ddu né & trang thai tinh 7 7
(hinh TD 1-13). Hinh TD 1.13
Loi giai.

a) Phuong trinh vi phan dao déng thing ding cia dong co:
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mzI + cT = 'm{_Q2 sin Qt:

m=m +m;p=Qt
hay:
3

2 nCQq'

I+wz= sin Qt;
m .

¢
w} =—

m

b) Nghiém cua (2) c¢6 dang:

,

m eC)* _

I= G: sinwt + C’z cos )t + % sin Q1
m(w; -

Céc hang so C,,C, dugc xac dinh ti diéu kién dau:
t =0: 2(0) = 0; &(0) = 0

mcﬂ2 Q
= C, _“__z— —;C, =0
m(Q’ -w)) o,
R m e’ m“eﬂz _
Vay: g el — gy § b ————n i L))
Q' -a)) o, m(w, - Q°)

Theo s6 liéu da cho: o, = ( /2:?:?; =30s" =

Nhu vay hé d ché dé cong hudng.

(1)

@)

(3)

(4)

¢) Xac dinh dao déng cudng bic ctia tAm dd d ché dd cong hudng:

-
-

m eQ)? Q m_eS)

z = lim [ —sinat + ————-sin Qt
-0, m(Q° ~ o, ) m(w] - Q'
Q . .
" ——sin@,t - sin Qt
m(lcml: L4 mﬂ
= lim | —— - ]
m O, Q -w'

1]

Ap dung quy téc L'Hospital (%} ta co:

]
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i L {u”i —tcos mnf.

mea, @,

HC

X =

m 2(0“

z = 0,004(sin 30t — 30t. cos 30t) cm

2m

(sinwt - ot coswt)

Thi du 1.14 Trong dung cu ghi dao dong thang ding, thanh OA mang
tai trong @ va dude git nam ngang nhd 1o xo xodn ¢6 d6 cling ¢ = 0,981
Ncm/rad. Mémen quén tinh caa OA cing tai trong déi véi truc quay O 1a
J = 3,924 kgem®. Dai lugng Q.a = 98,1 Nem (hinh TD 1.14). Cho biét géc
¢ nhd, 3 vi tri c4dn bing thanh OA nam ngang. Xac dinh chuyén déng

quay tuong dd1 cua thanh OA khi
nén dao dong thang ding theo luat
z=0,2 sin25¢ (cm).

Loi giai. Dat
z=0,2sin25t = hsin Q¢

Luc quan tinh theo cua vat Q :

Fr=2
i
g

Phudng trinh vi phan chuyén déng
tuong doi caa OA doé1 v6i khung thiét
bi:

Jg§+cqo=9££
q

OC:%'- | -
< >‘ Q
a

D
Hinh TD 1.14

Nghiém ctia phuong trinh vi phin duge tim ¢ dang:

@ = Asin Qt

Thay vao phuong trinh vi phén, so sanh hé s6, ta nhan dudc:

AJQ? —¢) = g ahQ)’
g

y Qah 98,1x0,2

= c —
g(J - of)  981(3,924 -

0,981

25°

)

= 0,0051 cm .
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e e e s e

Thi du 1.15 Than cua may gay rung
co trong hugng P, Hal dia cang trong
lugng Q. cung do léch tam e. khi lLap
rap ban dau hai dia tao vé phudne
ngang cac goc 1a «,. «, . Hé 10 xo 6 do
cung la ¢ (hinh TD 1.15). Hav xac dinh
bitn dé6 dao déng cudng buc thang
ding cua mav khi hai dia quay ngude
chicu nhau véi ciing van toe goe Q.

Loi giai. Phuong trinh vi phan dao

dong:
P +20) Gty . |
e F+pr = 2— [ﬁm((:rl + Qt) +sin(e, — Q)]
i U '
P +20)) . 20)1€) o +a, X =X,
( . ) o o 2! S =) cos(— = + Qf)
Y 9 2 2
v (I =5 (Z
[im x theo dang sau: » = A cos(— : + QN
Sau khi thay vao phuong trinh vi phin, so sanh cic hé s6 ta dude:
20Qr .
,’l = 1 2l B Y s
{4200 2
El

Thi du 1.16 Mo hinh cd hoe don gian cua mot 0to la hé khéi lugng - 1o
XO0. (‘hmén déng theo phudng ngang véi van toc khéng déi v, trén mat
dat g6 ghé theo hinh sin (hinh TD 1.16).

a) Thiét lap phuong trinh vi phan dao déng va tim tan s6 kich dong Q.

b) Xac dinh van toe téi han v, cua 6o,

Pl ST m

b)
Hinh TD 1,16
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Lai giai. Phuong trinh dao déng theo phuong thiang ding cua 6té:

mi = —c(z —u) = mi +cx = cu (1)
Goi s 1a quang dudng 6td di dudc, ta co

s = vgt.
T @6 phuong trinh mat duong cé dang:

2rs 2rnut
U = U COS—— = U, COS L. =u_ cosQt (2)
L (1] L [A]

Thé (2) vao (1) ta dugc:

mi + cx = cu, cos Qt (3)
2mv
Q="""o 4
T (4)
Nghiém cua (3) duge tim dudi dang:
z = AcosQt

Thé vao (3) ta cb:

A — uﬂ = un
oy 4;r2vs m
1- g | 5 o e
W L c

0
Khi Q = w,, 6td dat van téc téi han la:

=ED”L= L [c

i 2r 2_11' m i A ©
. ' u(t
Thidu 1.17 Vat ran c6 dang hinh chi 2 ;
nhat, trong ludng Q = 0,5 N; 10 xo0 ¢6 d6 cing 0
¢ = 0,25 N/cm. Diém treo 10 xo A dao dong 44— ¢
theo luat:

u(t) =dsinQt; 4 =2cm; Q=15rad /s . o =¥ -

Luc can cua chit long ty 1é bac nhat véi van = -]
téc cia tdm. Khi van téc v = 1 cm/s thi luc o e

[ e —

can l1a R = 3,06.10° N thinh TD 1.17). Hidy o bimiisis

R R R il T v
xac dinh chuyén déng binh én cua vat. :
Hnh 1D 1.17
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Loi giai. Luc kich dong bdi di chuyén cta A: f(t) = c.u = ciisin Qt
Luc can cta chat long: R = —by:b =3,06.10° Ns/em
Phuong trinh vi phan dao déng cua vat:
mij = =by - cy = f(t)
i +200 + wﬁy = hsin Qt
b _ 3,06.107" x 980 _

5: 354
2m 2x0,5

&ch, :L:M: 490 s°°
m 0,5

h o S DL % %% S8 = 980 C-m.fs‘z
m 0,5

Nghiém ctia dao dong cudng bitc binh én duge tim o dang:
y = Asin(Qt - )

Sau khi thay vao phuong trinh vi phén, so sanh cac hé s6, ta dudc:
h 980 ~ 980

J@? - Q) +45°Q° ) J(490 - 225) + 4x9x 225 280

fgfin f;‘“’;_ - 0,33963 = f§ = 0,4274 rad

A=

=35em

0

Do dé: y =3,5sin(15¢-0,3274) em

Thi du 1.18 Méng c6 khéi ludng riéng y = 2,45 kg/m®. Nén dat ¢6 do
cing riéng ¢ = 19600 N/m® va hé sé can nhét p = 588 Ns/m® (hinh TD
1.18). Tim bé day a cua
méng sao cho ham khuéch Q lf(r) dife
dai (hé sé déng luc) khéng

vugdt qua 1 d6i véi moi tan s6 b s |
cua dao déng cudng bic do ik - T ‘ T
may dit trén moéng. Sy ¥, P 'R

b

Hinh TD 1.18

Loi giai. Goi:
S - dién tich cua méng,

A, - dd lin tinh ctia méng,
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ft) = H sinQf 1a luc kich déng cia may tac dong xudng méng theo
phuong thing.

Khéi lugng méng m = aSy

Luc dan héi Fy, = c(x+A,)

Luc can R = b5z

Phuong trinh vi phidn dao dong thﬁng ding cua moéng:
aSyi = —cS(z + A, ) - bST +aSyg+ Hsin Qt

Hay 5"5+i$'+—c—:r= > sin Qt
ay ay aSy
b Q
ay ay aSy E

. 0 b
P6can Lehr D = — = '
' w, 2Jayc

Khi dé: & + 262 + @)z = hsinQt (1)

Di chuyén ctia méng do luc tinh h:

Nghiém cua (1) khi cudng bic binh én:

% 4 . h
z=2snQt; =
W (L~ 17} + 4D’
" Hi '
Ham khuyéch dai inhTD 1.18 ¢
z 1
V(]’]J D) = — =
I \/(l +4D2 2

Ham V dat cyc dai khi = +1-2D* .
Diéu kién dé V < 1 hay V khéng dat cuc dai véi moi tan s6 ctia lyc kich

dong la 1-2D* <0, hay Dzizi-,

Do dé:
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b J2

=
e
(o]
9]

2
Vay bé day ctia méng:

b? 588°
a =< =
2vc 2% 2,45x 19600

Thi du 1.19 Dé xac dinh hé sé can

cia md hinh dao déng, ngudi ta lip L Am  Am .

vao hé dao déng hai ddng co léch tdm Q/y : t\ Q
nhu hinh vé. Lugng léch tam

2e.Am=130 kgem. Khéi lugng ca hé T
m = 1800 kg, hé sb cing tudng duong
cua hé 16 xo ¢*= 7200 N/em. Hai méto
quay déu, ngude chiéu nhau véi van
toc goc Q=20 s'. Nguoi ta do dude bién
d6 dao dong cudng bic binh on la
A = 0,2 ecm. Hay xac dinh hé s6 can
Lehr, hé sd can § va b. Xac dinh géc Hinh TD 1.19
pha a. (hinh TD 1.19)

Loi gidi. Tn s6 dao déng riéng:

. 2
mll=JE= M:zﬂ-s_lzﬂ
m Y 1800

Nhu vay may rung lam viéc & ché do cong hudng. Bién do6 caa luc kich
dong F(t) = Fcos(Qt +a) F = 2Am.eQ® =1.30x40° =520 N .

=36m

SN

N\

Theo cong thic xiac dinh bién d6 dao dong cudng bic khi ¢6 can:
i = F,/ m
J@? - Q) +45°Q¢

ta suy ra:
o, 1 o |[F]c Q
TY e i B HEEETAT PR
. 2Q\/(W -6
1 20 520 5 )0
= e —[1-(=)] =0,1806
2 20 (7,2.10-‘><0,2.10'2) | (20”
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T d6 suy ra:
§=wD=3611s";b=2ms =13000 kg /s

2Dn

Theo cong thic tgcc;l —,don =1, tasuyra tyazuo——iva:—;-r-.

Thi du 1.20 Cho md hinh dao déng nhu hinh TD1.20. Vat c¢6 khoi
ludng m, 16 xo c6 dd cing ¢, hé s can nhét 1a b, nén nhan. Luc kich dong
c6 dang F(t) = F, cosQ¢. Lic dau hé ding yén. Tim dao déng cudng bitc
cua khai lugng m.

o « T . . ~ a v S
Loi giai. Goi: x, - di chuyén cua diém noi I;
. < n s
x, - di chuyén cua khéi m;
F¢ -luc can; F,, - luc 1o xo.

Diéu kién vé luc tai I;

F, =bi =F, =c(3:2—$|) (1)
Phudng trinh vi phan dao dong cua khoi m:
mi, = —c(:c:2 —-1z,)+ F, cos Qt (2)

2

5:6
s B o, =l re
I E—y A ;==

I T
F C ! = F ix

P

Hinh TD 1.20
Tt (1) va (2) ta c6 thé khd x,:
. . . m. F
mi, = bt + F, cosQt = %, =—Fz2+—‘cosﬂt

Dat i =dz /dt; &, = di, /dt va lay tich phan ta dudc:

F
r =—?x’:+$sinﬂt+0 (3)

Hing s6 C dude xac dinh tir diéu kién dau:
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i',:U::L‘I :O:i'z:O—-)C':U

Phuong trinh (2) tré thanh:

m . -
mE, = —c(z, + 5 z, =~ ﬁ sin Qt) + F cos Qt
: )

hay:
y m . &
mil, +e—g& +ex, =e——8nl + I cos i
- b ~© : bQd
& + 208, + mja:z = F sin Qt + F, cos Qt (4)
Nghiém cua (4) ¢ ch&€ dd binh 6n duge tim & dang;
z; = Asin Qt + Bcos Qt

Thay 2, vao (4), dong nhAt cac hé sé ta nhan dude hai phuong trinh dai
s6 cho phép xac dinh A va B.

Thi du 1.21 Dia tron c¢6 khoi lugng
m, ban kinh r, ban kinh quéan tinh p=
kr. Dia lian khéng trudt trén mat
phang nghiéng. Trong tdm cha dia
noi véi mot hé géom 10 xo va can nhu i
hinh vé. Cho biét hé sé ciing la ¢, hé
sd can la b.

a)

a) Hay thiét lap phuong trinh dao b) "
dong cua hé va xac dinh tan so /\
dao dong riéng c6 can khi 16 xo
duge né1 véi ba tuong (ult) = 0) wf bx +cx

b) Gia s diém dau 16 xo chiu mét
kich déng diéu hoa
u(t) =ucosQt . Hay xac dinh bién P
d6 dao dong cudng biic khi 2=w, - N
(w, 12 tan s dao dong tu do )
khong can). Hinh TD 1.21]
Loi giai. a) Tt hinh vé TD 1.21b ta
dé dang thiét lap dude phuong trinh vi phan dao déng ctia hé:
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ms = —bi—cx—F,, (1)
Jop=F, r )

Trong dé x 14 khoang cach tinh tit vi tri cAn bang tinh. Phuong trink
rang budc c¢6 dang: x=rg.

Cha y rdng J,. = mk’r®. Tl hai phudng trinh (1) va (2) ta suy ra phuong
trinh vi phan dao déng cua hé:
m(l+k*)i+bx+cx=0 (3)
T d6 suy ra:
b
oX i

T, . b
Pom(+ k) 2Jm(1 +k%)e

Tén s6 dao dong tu do ¢6 can duge xac dinh theo cong thitc:

2
w=w,N1-D* = = \jl -

m(+k)\ dme(l+k?)

b) Trong trudng hgp 16 xo chiu kich dong u(t), trong phuong trinh (1) ta
thay thé ex bang c(x-u) véi u(f) =icosQt. Phuong trinh (3) bay gid co
dang:

m(1+k*)xX +bx +cx = cticos QU (4)

Bién d§ dao dong cudng bic c6 dang:

-

t=Lv, Feci )
i
Trong dé
1 9
Vin)= n=— (6)

Ja-n*)? +4Dp?’ @,
Khi 2=w, (n =1) ti (5) va (6) ta suy ra:

£=u"-l-=ﬁé\ﬂmc(l+kz) (7

2
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1.4. Dao déng cudng bic ctia hé chiu kich déng tuan
hoan

Thi du 1.22 Dong co cb trong lugng @ dit
thang ding trén méng ¢6 trong lugng G dién
tich méng S; d6 cling riéng ctia dat 1a A. Tay
quay dai r, thanh truyén dai [, van téc goc
cua truc 1la Q = const. Pitténg va cac phan
khéng cdn bang thuc hién chuyén déng tinh
tién cbé trong lugng P. Xac dinh dao déng
cudng bic binh 6n ctia méng khi coi ty so v/l
12 nho (hinh TD 1.22).

Loi giai. D6 cling tuong dudng ciia nén

c = AS. 5 .
b o B o oo _ :
smw—zsmqo‘tp 91885 %//////////////////%
2 2 2
(:osg,uf:l——?7sin2 Qt=1- T, (1 - cos2Qt) Hinh TD 1.22
21 41°
?,2 ?_2
z=rcos@+lcosy =l ﬁﬁ) + 7 ecos Qt + EE-Z—C(JSZQt
2
i = Q) cos Qt - ?—l- 2 cos 2Qt
Phudng trinh vi phan dao déng thang ding cia hé:
adk FPVI o
g
Hay
5 ProY? r P ASg
E+wié = Q0+ 0) (cos Qt + - cos 2Qt) voi w, = Q+0)

Nghiém ctia dao déng cudng bitc binh &n dude tim ¢ dang:
& = Acos Qt + Bcos2Qt

Sau khi thay vao phudng trinh vi phén, so sanh cac hé s6, ta nhan dudge:
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PrQ)? - P
TQ+O) (@ -Q) T 1 (Q+G) () -40P)
2 £ D 2
Véi E = e cos Qt +—- - rf} - cos 2Qt.
(Q+0) (@} - Q) I (Q+G)(ow, —4Q7)

Thi du 1.23 Vat khéi lugng m, cac 16 xo ¢6 d6 cing la ¢/2, hé sd can
nhdét 1a b. Kich dong dong hoc u(f) ¢6 dang nhu hinh TD1.23. Xac dinh
dao déng cua vit.

Léi giai. Ham tuan hoan u(f) cé dang:
u(t) =t, chuky T=1

4 A, " i S X
Khai trién u(t) thanh chudéi Fourier: m %{,

c/2

Tinh céic hé s6 b
1 1 c/2
a =— |u(t)dt = |tdt = u
-4 e -4
2?‘

a = —I (t) cos kQtdt

0

*‘3

t cos kQtdt =0

CI_'_

o J’ u(t) sin kQtdt = 2 J’f sin kQtdt = -:1_ Hinh TD 1.23
i
(4]

Do dé:
u(t)“———ilsmkﬂt t}.(t]=—:C L coskQt .
2 Boan 3

Luc kich dong F(t) = bu(t) + cu(t)
Phuong trinh vi phin dao dong:

mI =-bi—-cz+ F(t);hay: mi+bi+cx=bu+cu

mi + b + cx = b(—i L. cos kQt) + c(i o i - sin kQt)

k=) T 2 T n

mi + bi + ¢z = — - Z(——C—sin kEQt +b—wcoskﬂt)
T Tkx b3
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- A
Vi A coskQt + B sinkQt = JA? + B sin(kQt + a ): tga, = EL

k

do dé: bu +cu = % i z}-lb—\r'c: + bk Q sin(hQ? + a)

T k=
u 9 c Q 5 !ll
Dat w,=—;n=—;D=—=
m W, w 2mco”

F({t)=bi +cu = % - Z E,/l +(2nkD)* sin(kQt + a)
bid k=1 "
Nghiém cudng bic binh on dude tim dudi dang:
T =A + Z C, sin(kQt - B )
k=1

Thay z'vao phuong trinh vi phin, so sanh cac hé sé cua sinkQt¢ va
coskQt, cudl cung ta duge:

l < 1 1+ (2nkD)* : 2knD
_&Zuz_ 2 2(2} i Tsin(kQ1 - f,) tgp, = ’72 2
i k" N(U-kn") +(2nkD) 1-Ak"n

.1
r =—
2
1.5 Dao déng cudng bitc cua hé chiu kich dong khéng
tuan hoan

Thi du 1.24 Vit trong lugng P dudc treo vio 1o xo ¢6 d§ cing c. Tai
thoi diém dau, vat chiu tac dung cta luc khéng dbi F hudng xuéng, kéo

dai trong khoang thoi gian r. Hiy xac dinh dao dong cta vat (hinh
TD1.24).

Loi giai. Xét hai truong hop

a) Phudng trinh vi phan chuyén dong ciia vat trong khoang 0 <t < r:

£i+c:ﬁ=F
q

Nghiém dugc tim ¢ dang:

F ’
r=—+ Acoswt+ Bsinwit w = |-
c 4] 0 4] P
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F Uz
f=0:2=0e=0=3d ==z =0 ?
c
F c
T = —(1-cosw,t). 5 vy
(4 . ‘Lx
b) Phudng trinh vi phan chuyén déng khi ¢ > 1 FI
—T+cr=0 L] P
? Hinh TD 1.24

Nghiém dugc tim d dang :2 = C cosw,t + Dcos o, (t - 1)
Tiua)y z(z)= 7 (I -cosaw,r) = i(r) = 4 , sin Wt
¢ ¢
Tab): z(r)=Ccoswr+ D — i(r)=-Csina,r
F

Sosdnh a)vab): C=-—;D=-C
c

i F
Dodé: 2= - [cosw (t-7)—cosmt]it>r1.

Thi du 1.25 Con lic gém chit diém néi véi doan 'Z X
day khong dan dai /. Xac dinh dao déng nho cia con %
lac khi diém treo di chuyén khéng ma sét trén dudng  ZZAR7777

nam ngang theo luat x(f) = &¢) cho trude (hinh TD PN\ 1
1.25).
Loi giai. Luc quan tinh theo ¢é gia tri: F" = mi Fat p

Phuong trinh vi phan chuyén déng tudng déi cia con
lic: Hinh TD 1.25

ml*@ + mglsin ¢ + mlé cosg = 0

Khi ¢ nhé: g;&mj@:—%; ! :*i; (1)
Nghiém tong quat clia phuong trinh vi phan tuyén tinh thuin nhat dng
véi phuong trinh (1) d trén dang

@ =c, sinot +c, cosat (2)
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Theo phuong phap bién thién hdng sé Lagrange nghiém cua phuong
trinh vi phan (1) duge tim duéi dang

¢ = ¢ (t)sinat +c,(t)cosw,t
@ = ¢ (t)sinat + ¢, () coswt + ¢, (t)o, cos o f -, (t)a sinat

¢,(t)sinat +¢,(t)cosat = 0.

-
&

¢ = ¢ (o, cosa t — ¢, (t)w, sinwt - c ()] sinw,t - c,(t)o; cosa,t
Tu d6 suy ra
<

¢ (t)cosawt - ¢, (t)sinet = - =
= @,
¢ (t)sinat + ¢, (t)coswt = 0.

Giai hé phudng trinh dai s6 tuyén tinh trén ta nhan dudc

¢(t) =~ £ cosat; ¢, (t)= 5 sin @, t
wf!! - a){lf
Tich phén lén ta dudgc
§ 3 S
¢ (t)=-— _[5 coswrdt + B, = - -;—![5 cosot +@, |§sinw rdr| + B,
(g 0 0

l - ® y. '
—— [~¢cosat -w ésinat +w, jé_f cos rdr|+ B = A(t)+ B,

L 0

i wﬂl 0 4]

I Y = by
c,(t) = — Ir,” sinw,rdr + B, = —1—|§ sinot - @, I«f cos @, rdr] + B,
[{]

E o, B
=—|[¢sinat - o coswt - ) jg sinw,rdr|+ B, = A (t) + B,
i

4]
Do d6 dao déng nho ctia con lic 1a
@ =c(t)sinwt +c (t)cosat

3)

= B sinwt+ B, cosot+A(t)sinat+ A (t)coswt.

Trong 46 cac hing s6 tich phan B, va B, dude xac dinh tit cac diéu kién
dau.
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Bai tap Chuong 1

1.1 Dao déng tu do khéng can

1.1.1 Cho cac hé dao ddng nhu hinh BT 1.1.1. Hay x4c dinh tan s6 dao
dong riéng cua hé.

% C.
s 1
N
™, m
N
N
\\\ Ca
N
e Co
LA A A
b)
AN sy
= NN, |
Co ANNNNN
Cg Cqy Cig Cy
[s]
m
Hinh BT 1.1.1 c)
Dap so:
i i
a) & =¢ +¢, +0 +¢ 0, = J—
' m
‘ ¢, +¢,)e
b) c w Bt BN 2)"+c4:
¢ +¢ +¢,
) C,C . C.C, . c.C
Ehigy == Cy = o By Sl
C, + Cs Cy + ¢y B 6
1 1 l l - - -
— = ~ + $orfl =6 AE
¢ uEa b dr nYe o
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1.1.2 Trén mot dia tron cé khoét mot ravh thane Mot chat diém khéi
Iwgng m noi véi tdm O cia dia bang mot 16 xo va 6 thé chuyén dong
khéng ma sat trong ranh. Khi 16 xo khong bi kéo nén, khoang cach tu
tAm O dén chat diém 1a e. Do cing 10 xo 14 . Trén hinh a va b mat
phing dia thidng ding va ding vén. Trén hinh ¢ mat phiang dia nam
ngang va dia quayv déu véi van toc goc Q. Xac dinh

1) Tan sd dao déng riéng cua chat diém.

2) Biéu thdc cia nghiém téng quat.

Hinh BT 1.1.2

Dap s6:
_ c ,
a)&b): w, = [—: x=C, cosw,t+C,sinwyt
m

- . .y ¢
c):w=\Jw, - £ (w, >Q): a=C cosmt +(,sin ot +

J. (Qj((uh)l

1.1.3 Hai con lan hinh tru tron
¢6 kich thude nhu nhau quay vaé | )
van téc goe khong ddi la Q nhung | : Sy
ngude chicu nhau. Trén hai con ( 3
Q

lan dat mét tAm phang déng chat
trong lugng G = mg. Hé sé ma
sat trugt dong gitia tAm va mdi e
con lin la . Chding minh riang

chuyén dong x(¢) cua thanh la

dao déng diéu hoa. Hay xac dinh

tAn s riéng cia hé.

L e . 200 ’2 T
Dap so: i+ £9 = 0; w, = H9
a G

Hinh BT 1.1.3
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1.1.4 Dia c6 ban kinh R, khai lugng m. Lo
xo0 ¢6 dd ciing ¢, vat nang khdi lugng m, ban
dau cé van tdc v, hudng xuéng. Bo qua khéi
lugng 10 xo va day, khong ¢6 ma sat, khong
¢ su trugt cua day. Xac dinh chuyén déng
cua vat.

C Vo .
W = [————— y=—sinw.t
{ 1]
m +m/2 W,

Dadp sé:

Hinh BT 1.1.4

2556min

— B
Hinh BT 1.1.5 Hinh BT 1.1.6

1.1.5 Tay bién khéi lugng in = 0,80 kg dudge treo 1an ludt vao diém B rdi
diém D. Cac tan s6 riéng tuong ung la:

wp=8,05s8"; w,=17,58¢"
Hay xac dinh vi tri trong tdm tay bién, mémen quan tinh va ban r:inh
quan tinh doi1 vdi truc di qua trong tim tay bién.

- 1 - J L
Dap s6: CD = d = 140,6 mni; J.=33810" kgmm*; p, = 1’*-(— =065 mm
: m

1.1.6 Con lic trong ludng @, mémen quéan tinh d6i véi truc quay O 1a J,
khoang cach ti trong tam G dén truc quay la OG = s. Lo xo xoin c6 do
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e e e

cing c¢. Tai vi tri cin bang, con lac léch khoi duong thang diang mot goéc
a. Tim chu ky dao déng nho quanh vi tri can biang cua con lac.

J

Qscosu + ¢

Ddp sé: T =2n

1.1.7 Dung cu do dao ddéng ngang nhu hinh BT 1.1.7. Mémen quan
tinh cua con lic déi véi truc quay O 1a J = 0.03 kgem* moémen tinh
Qd = 4,5 N.cm: do cing 10 xo ¢ = 4.5 Nem. Tim chu ky dao dong khi gée
léch nho.

—

, | J

R = (). 364 s
e+ Qd

Dap s6:

1.1.8 Con lic 1a chat diém khél lugng m. gan vio dau thanh cing dai
L. Hai 16 xo cung ¢6 do ciing ¢. Hay xac dinh khoang cach a dé vi tri can
bang thiang ding la on dinh va tinh chu ky dao dong nho cua con lac.

o a9 mgl 2r
Da.p §0: @a° >— "= —
2c 17(‘&3 {

sl )

VL

N
o

—

TN
(1

Hinh BT 1.1.7 Hinh BT 1.1.8

1.1.9 Con lic gdbm chat diém khéi lugng m gin vio thanh tuyét déi
cing khong trong lugng, dai 3/ va dude git bai hai 16 xo nhu nhau ¢6 d6
cting ¢. Tim tan so riéng cua con lic,

S¢
r+__rj_

Ddp s6: o = [—
= . Om 3/
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1.1.10 Dung cu do dao déng cua nén. Khi can bing, don OE nam
ngang, 10 xo ngang khéng bién dang. Don va doi trong ¢c6 mémen quan
tinh déi véi truc quay O 1a J. Thiét lap phuong trinh vi phan dao dong
bé ctia kim K va tim tan s8 dao déng cia kim.

. . 2ed ved
Ddp s6: 0w, = ————
ok

Hinh BT 1.1.9 Hinh BT 1.1.10

1.1.11 Mst phu ké do trong lugng riéng cia chat 1ong nhu hinh BT
1.1.11. Khéi lugng cia phu ké la M = 0,0372 kg; dudng kinh phan noi
trén chat 1ong la d = 0,0064 m; trong lugng riéng cua chat long la y =
1,20. Tim chu ky dao déng thing ding trong chat 1éng ctia phii ké.

Ddp s6: T =1,97 s.

Hinh BT 1.1.11 Hinh BT 1.1.12
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1.1.12 Dao dong lic ctia tau thuy duge dic trung boi vi tri ctia trong
tdm G va khuynh tdm M. Vi tri M phu thude hinh dang vo tau, la giao
diém cla truc déi xtng va dudng tac dung cua luc r.Ang N, khoang cach
MG = h. (hinh BT 1.1.12) T4u c¢6 trong lugng P va mémen quan tinh déi
véi truc lac 1a J. Chiing minh rang chu ky dao dong lac cta tau khi géc ¢
nho duge cho béi cong thite T = 2x,/J / Ph.

1.1.13 éng hinh chi U chia chat long (hinh BT 1.1.13). Dién tich tiét
dién ngang cua 6ng la A, cot chit Iong ¢6 do dai L, khéi lugng riéng cta
chit 1ong 1a ». Tim tan s6 dao déng riéng cua cot chat long.

B 29 .
Ddp so: o = }‘rg T

1.1.14 Hinh tru tron bing g6 duge nhing mét phan vao chat 1ong va
luén thang ding. Hinh tru cé trong luong riéng o, ban kinh r, chiéu cao
h. Tim tan sé dao déng riéng caa tru trong hai truong hgp:

a) Chat long 1a nude thuong.
b) Chat long 12 nude mudi ¢6 trong lugng riéng la y=1,2 .

Ddp sé: a) w = \Jg/ho. b)w=1,29/ho.

xy

- o e = e e o

e ]
- o mm oas wm o e A

Hinh BT 1.1.13 Hinh BT 1.1.14

1.1.15 Mot dia tron khéi lugng m, mémen quan tinh d&1 v6i khéi tam
la Jg, ban kinh r duge gitt bang 16 xo nam ngang c¢é d6 cing ¢ nhu hinh
(hinh BT 1.1.15). Dia tron c6 thé lan khéng truot qua lai trén méat phing
ngang. Hay xac dinh tan sé dao dong riéng cia hé. Bd qua ma sat lan.

i cr’
Dap s6: o, = |[—5——
mr* + J



38 BAI TAP DAO DONG KY THUAT

1.1.16 Nua mat tron dong chat khoi lugng M, ban kinh R, khoang
cach tit tam O ctia mét tron dén khél tAm C cua mat 1a a = 4R/3 7. Tim
chu ky dao dong khi goc léch ¢ la bé.

R O
& &0 @

Hinh BT 1.1.16

Hinh BT 11,15

Dadp s6: T=2n ’E (9_7; - 2]
g\ 8

1.1.17 Dia hai tang khél lugng m,
moémen quan tinh dé1 véi truc ngang di
qua trong tdm la J, ban kinh tédng trong
la r. Dia lan khong trugt theo dudng
mang tron, ban kinh R. Thiét lap phuong
trinh vi phan dao déng cta dia bang hai
phudng phap.

Dung phuong trinh Lagrange loai 2. Hinh BT 1.1.17
Dung nguyén ly d’Alembert.
Xac dinh tan s6 dao dong riéng khi goc ¢ bé.

.-2

Ddp s6° (J +mr?) + m_{;(R!

)sing =0; @ =mgr® /(R-7r)(J +mr?)
f— ?"

1.1.18 Vat A c6 khdi m
lugng m, = 1 kg. Rong roc _ D 10 c
B ¢6 khéi lugng m, = 0,2 ]

Wi/ﬁ/?ﬂ/g///’%

kg, ban kinh r, = 2 c¢m,
Hinh BT 1.1.18

o
BRNSN

thanh dong chat D c¢o
khé1 lugng m, = 0,1 kg.
DPia dong chit E ban kinh
r, =4 cm, thanh E cé khéi
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S —

lugng m, = 4 kg. Lo xo ¢6 dd ciing ¢ = 10 N/em Thiét lap phudng trinh vi
phan dao déng cua hé, tim bién dé dao déng néu tai thoi diém dau vat A
léch khai vi tri cAn bang mo6t doan y, = 1 ¢m va ¢6 van toc ban dau v, = 8
cm/s.

Dap s6: o, :\/ = C g = 1.8 7" A=121cm

m + ?’ +m, + 2 m,

1.1.19 Thanh dan héi hinh tru thang ding ¢6 dau trén ¢6 dinh, dau
dudi gan vao tAm dia nim ngang. Mémen quan tinh cta dia d81 véi truc
di qua tdm dia la J; m6émen quén tinh cua thanh d61 vé8i truc 1a J,. hé s6
ciing cua thanh khi xoén 1a e¢. Xac dinh chu ky dao déng cta hé.

. J
Ddpsé. T =2n (J+§)/c.

| i)

Q

L AL LA
e

Hinh BT 1.1.19 Hinh BT 1.1.20

1.1.20 Dam dat trén hai géi tua dan hoi cung 46 cing ¢ = 150 N/em.
DAm c6 mémen quan tinh cia thiét dién ngang la I = 180 em*; dail =
400 cm; modun dan héi E = 2.10° N/em®. Trong higng ddm khéng dang
ké. Tai trong @ = 200 N dat d gida ddm. Hay xac dinh chu ky dao déng
cua hé.

T g
Dap so: T‘:—ZR'JQ—( +-l- =0,238 s
g 48ET 2c
1.1.21 Thanh ndm ngang AB dai /, mét dau ngam, dau kia ¢6 gan mét
vat nang khé1 lugng m, dao dong véi chu ky 7. Mémen quan tinh mat
cat ngang cua thanh la I. Xac dinh mémen dan héi E ctia vat liéu.

3
4mal

3IT?

Ddp s6° E =
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1.1.22 Cho hé nhu hinh BT 1.1.22, thiét lap phuong trinh vi phan dao
ddng cua bé cua hé va xac dinh tan sd riéng. Biét do cing chéng udn cta
dam EI = const. Bé qua trong lugng cua thanh.

3EI(a+0b) i _J_IE?__.’

Dap s6: a) o, =

ma’b’ ma” (4a + 30)
n
El M
[
< > T
A Z “ b l
Q
Hinh BT 1.1.2] /A EI m
%ﬁ/_
b) ?f;ﬁ%
2 o b

] | ‘]

Hinh BT 1.1.22

1.1.23 Hai thanh déng chat cing dai I, cing khéi lugng riéng m, dude
ndl véi nhau bdi ban 1€ tai C. Hai dau thanh 1a céc con lin A va B. Tai C
¢6 10 x0 x0dn do cng ¢, va treo vat khéi lugng M, vat nay duge gitt bai 16
xo thang do cing c,. Lap phuong trinh vi phan chuyén déng cta hé khi
chon toa do 1a géc quay ¢ cua thanh.

. 2 i :
Dap so: (M + ?m.)l'(o +(2¢, + ¢, )p =0,

C , . 2a

v

A s

ALl

\‘\.
N
S
o
VW
=
kA
A
l_h 1
LAAA
1]
i
]
]
i
]
[ ]
AR
(]
1

Cs
Y
Hinh BT 1.1.23 Hinh BT 1.1.24
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1.1.24 Dong co dién dude dd bai 4 10 xo. md1 1o xo ¢6 dd cing ¢ (hinh
BT 1.1.24 ). Momen quan tinh cua déng cd do1 vai true quay 1a J. Tim
tan s6 dao dong cua dong co.

Bt @, = SuJald
Dap s6: @, =2a\jc /]

1.1.25 Dé kht dao ddng caa true khuyu trong dong co may bay, ngudi
ta lam modt ranh tron ban kinh r. ¢6 tim cach truc quay mét doan
AB = d. mot chat diém c¢6 thé chuyén dong tu do trong ranh. Hay xac
dinh tan s6 dao dong nho ctua chit diém khi true quay ¢é van tée goc Q.
Bo qua anh hudng cua trong luc.

Pdp s6: w=Qfd/r.

Hinh BT 1.1.25 Hinh BT 1.1.26 Hinh BT 1.1.27

1.1.26 Con lic gdom chat diém M khét lugng m ¢an vao thanh cing,
thanh nay néi véi thanh OA bai khdp quay A va trugt dude trong éng
quay O,. Bo qua trong lugng cac thanh. cac khoang cach OA = r,
00,=h, AM =d, v6i h —r < Jrd . Tim chu ky dao déng nhd cta con lic.

] ‘ h—r . a’
i o —-)f,'J:(-’—F—)W‘. khi abé: cosa =1 —7+-~:

@+ oy !

Huéng dan:

d +h =)
glid = (h - r')‘1] .

Pap s6: T = EHJ
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1.1.27 Con lac gom chat diém M. khoi lugng m. lap vao co eiu 4 khau
nhu hinh BT 1.12.7. Cac dd6 dai OA = AB = »r. AM = d. Tai vi tri can
bang. cac thanh OA va BM thang ding. thanh O,B nam ngang. Bo qua
khai lugng cac thanh, Hay tim chu ky dao déng nho etia con Jac.

bl

i 5 4
Hudng dan: ¢ =y cosp =1 - S

-

4 S 1+
Pap s6: T =27 —

Jold =r)

1.1.28. Mot 6to chay trén mat dudng nam
ngang vai gla toc a = 4.5 m/s”. Trong 0td ¢d treo
mot con lae toan hoc.

Hinh BT 1.1.28

a) Xac dinh vi tri cAn bang va tan s6 dao dong
nho cua con lic.
b) So sanh chu ky dao dong khi 616 dang chay (7, ) vdi chu ky dao dong
cua con lac khi 6t diung vén (7).

, at / 2 /] 2
Ddp s6: a) typ, =a /g w, = 7 1+ (a/g) .

-

b) 7, = 0,9537,

1.2 Dao déng tu do co can

1.2.1 Vat ¢6 khoi lugng m = 3 kg dao déng tit dan véi chu ky dao dong
T = 0.3 s. Sau m6t chu ky dao dong bién dd giam di hai lan. Xac dinh h¢
36 cting ¢ cua 1o xo va hé s6 can nhdét o.

Pdp s c=1326 Nfew: w=209s" §=2314"

1.2.2 Chat diém dao dong tat dan dudi tac dung cua lue dan hoi va lu
can nhét. Hé so can Lehr D = d/w,= 0.1.

’ . G I -T i 3 i s - "
a) Xac dinh ty s6 A = _T_] khi coi D la nho (T la chu ky dao dong t
do. T" 1a chu ky dao dong tit dan).
b) Bién dd giam bao nhiéu lan sau 8 chu ky dao dong ?.

Dap s6° A = & 1:‘4" = 156,38
1-D° A
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1.2.3 Mot vat ¢o khor ldong m = 0.6 ke dudge treo vao mot 1o xo. Khi

khong ¢0 e can (b = 0) vat dao dong vir chu kv 7', = 04x s, Khi o luc
can I 1¢ hae nhat vdi v toe (b = 0), vat die dongvér chu ky T, = 0,567 s.
e dau cho vt 1oeh Khot vitei ean bange 1 e i tu dao dong.

Hav tim @i tei lue can lae van toe bang 1 em/s v xae dinh dao dong cua
val.

i ol : . o U Ed 4
Dapso: b=X6Lky/ss F =br=0.0036 N: r=5 " sin(4f + rr."c'f_r;;)_

1.2.4 Do dd nhdt cua chat long bang thue nghiem: Treo tAm A vao 10 xo
vir cho dao dong trong khong khi. do dude chu ky dao dong T',. Tha tdm
vio chat long va cho dao dong. do dude chu ky dao dfmg T.. Luc ma sat
aitia taAm v chat long dude tinh theo cong thie F,.= 2 Spe (S - dién tich
mot mat cua tam: v - van toée: n — dé nhét cua Lhat long). Trong luong
cua tim Ia P Bo qua ma sat gida tam via khone khi.

Xae dinh dd nhdt caa chat long.

2 ; 2nf -
Hapnal: n= : T g
e Ty
} ¢
o
m
m d
—_ |e—
Hinh BT 1.2.3 Hinh BT 124 Hinh BT 1.2.5

1.2.5 B¢ tat chan thuy lue nhu hinh BT 1.2.5. Pittong ¢é cac 16 chuyén
dong trong chit long. Lac dau ¢ = 0 pittong léch khoi vi tri cAn bing mét
doan y, = 5 mm. Xae dinh thdi gian dé di chuvén caa pittdng déi véi vi
tri ¢in bang giam di 2 1an. Hé s6 can nhdt thu gon b= [4me H/z.m](DId)".
Biét hé so cting 10 xo ¢ = 3 kN/m: dudng kinh xvlanh D = 0.1 m: dudng
kinh 16 d = 10 mm: 6 16 z = 25; khai Iudng pittong m = 2,73 kg: chiéu
cao pittong H = 50 mm: hé s0 nhét 4= 6.10% Ns/m”

Pdp s6° t,=0.114 s.
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1.2.6 Chit diém khai lugng m dude gan vao dau cua
mot thanh nhe ¢6 thé bo qua trong lugng. Thanh duge
noi vao 10 xo ¢6 do cling ¢ va chiu can nhu hinh BT

= i i a
1.2.6. Hay xac dinh: b
. e o v Ibn ¥
a) Phuong trinh vi phan dao dong cua hé. 4V

b) Hé s8 can nhét b dé hé c6 dao dong nho. o

| G
¢) D6 can Lehr dé sau 10 chu ky bién dé dao déng con mE -
1/10 gia tri dau.

3 inh BT 1.2.
d) Chu ky dao dong tu do khong can Hinh BT 1.2.6

Pdp s6° ¢+i¢+(£+~9"—]@=0
4m

m  2a
2 :
bltmg+ T P R T <2k |2
2a \/20(‘ + g

1.2.7 Chat diém khéi lugng m dude gan mét dau thanh cing tuvét déi
dai L, khéi lugng khong dang ké. Thanh dude git ¢ vi tri can bang bdi
mét 10 xo va bd giam chan thuy lue véi hé s6 can nhét b. Xac dinh tan so
dao dong riéng va d6 tat 16ga. Bist m =1 kg: L = 0,5 m: @ = 0.2 m; dudng
kinh 16 xo D = 50 mm: duong kinh diy 16 xo d = 5 mm, s6 vong i = 5;
moédun dan héi G = 80.10° N/m*, hé s6 can nhét b = 3.10% kg/s. Do cting 10
xo dudc tinh theo cong thiic ¢ = Gd'/(8D%).

Ddp s6° w,=40,2s"; w=32,3s' A=3,74.

N .
b 9 LLEI
'/,fr' & —_— A ;—;.'
-//’ J 7, &
;/;]-W- T‘ _'__I_—}
L
(4]
4 o ‘.‘#

)

Hinh BT 1.2.7 Hinh BT 1.2.8
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1.2.8 (Cho m6 hinh dao déng nhu hinh BT 1.2.8 Hiy xac dinh tan so
dao déng tu do tat dan. Bo qua khéi lugng cua thanh va cua dam.

Pdp sé:
(SE! Eﬁ)/t LT EA [ g -~
¢ =B pl=—r—t ] L b=t Il = 1@ s ) =
R R Yor © ™ T

i I

1.3 Dao dong cudng birc, kich déng diéu hoa
a. Dao dong cuong biec khéng can

1.3.1 Hai dam ngang song song, moi dam da L = 10 m, trong lugng
khéng dang ké, mémen quan tinh cta tiét dién ngang mdi dam I = 8881
em'; modun dan hoi E = 2.10" N/em”. Pong co dat ¢ giia dam c6 trong
luong @ = 15000 N, trong lugng cua phan léch taim G = 4 N, d6 léch tam
r=5cm; quay véi van toc gbe Q = 25 rad/s. Tim dao déng cudng buc clua
dam. Dong co quay véi van tée gée bang bao nhiéu vong/phit thi ¢é cong
huong.

Dap s6: y = 0.0017sin 25t cm: n = 321,1 vg/ph.

N w oy
v 0% %
QO . o
| Y|
c %
¢ 5 e v
>
Hinh BT 1.3.1 Hinh BT 1.3.2

1.3.2 Tay quay OA = 10 c¢m; quay quanh O véi van tée gée Q = 5 rad/s.
Vit nang cé trong lugng G = 4 N. D06 cing cua 10 xo ¢ = 0,2 N/em. Tim
dao dong cudng bilc cua vat ning.

Ddp s6: y = 20,4 sindt cm.
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1.3.3 B§ ghi rung dat trén mong. Mong @% iy
c

rung theo quy 1uat z = 0,2sin25¢ cm. Hé s }

eiling cta 10 xo xoén ¢ = 0,1 N.em. Tai trong < d S
va thanh ¢6 momen quan tinh doi vé1 truc YQ
quay la J = 0,4 kg.em® moémen tinh
®.d = 10 Nem. Bo qua dao dong riéng cua
thanh. Tim chuyén déng quay tuong déi

) N * ¢ 2
cua OA. Khi can bang tuong d61, OA nam [ ]
ngang. Vi
Pdp sé: ¢ = 0,0051 sin25t¢. Hinh BT 1.3.3

1.3.4 Rotor ¢4 khéi lugng m = 13,6 kg;

lugng léch tAm e.Am = 0,2879 kgem. Khoang cach tit tAm rotor dén mdi &
dé la b = 0,4064 m. Truc thép c6 duong kinh d. Xac dinh ap lue tai hai &
dd khi rotor quay véi van tdéc géc n = 6000 vong/phit trong hai trudng
hgp: a) d = 2,54 cm; b) d = 1,905 em. Cho biét médun dan héi cia thép E
= 200.10° N/m?.

Ddp 86 a) N, = Ng= 1273 N; b) N,= Ny=241,1 N.

m | .

| d
b i v
== : ]
D7 ! N Tz _1m

E x

L x

) b : b L T M
Hinh BT 1.3.4 Hinh BT 1.3.5

1.3.5 Dung cu ghi dao déng thang ding nhu hinh BT 1.3.5. Gia s nén
dao dong theo quy luat =, = 4sinQt .

a) Lap phudng trinh dao déng tuong doi cuia khéi lugng m so véi khung.

b) Biét tan s dao dong riéng cta dung cula @, =107 s'. Khi dat dung

cu vdo mdt diém N cla may, may quay déu véi n = 120 vong/phut thi
dung cu ghi dudgc bién dd dao dao déng tuong déi 1a 4= 2 mm. Xac dinh
bién d9 dao dong, bién dé van tdc va gia tde dao dong theo phuong thing
ding cua diém N.
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— e ——— —

de Sé a) Qo= —‘;1’? - 5];11((21‘, = C{}: i g_l
Losg” (

b) A = i(1=5%) /7% =10,5 mm: 4Q = 151.88: 4O = 1656,41 mm /s°.

1.3.6 Mot vat ¢6 khdl lugng m dude ndi vér tudng gua 10 xo ¢é dd cling
¢;, chiu kich déng boi c6 cAu cam théng qua 10 xo ¢6 46 cling ¢, nhu hinh
BT 1.3.6. Cho biét cam 1la mét dia tron ban kinh ». do 1éch tam e va quay
déu vdi van toc goc Q. Gia thiét dau cta 16 x0 ¢, ludn tiép xic véi bé mat
nhan cia cam.

a) Thiét lap phuong trinh vi phan dao déng cua khéi luong m

b) Xac dinh van téc géc Q dé bién d6 cuc dai cua dao déng cudng bic
binh 6n bang 3e.

;3¢ +2¢, 5 3¢ +4c,

Ddp s6° mX+ (¢, +c,)x=c,esinQ, Qf = L, Q2 =
3Im 3m
l
Je—>
o Y W
x
——] 1
: 0 - . A
T
VY, A, 7 4 %/"{ %
TN m
,? C

Hinh BT 1.3.6
Hinh BT 1.3.7

1.3.7 DPau do dé kiém tra bién dang cac chi tiét tron xoay (phat hién
su léch tAm hinh hoc cua chi ti€t) gom thanh cing 1 c¢é khéi lugng m
dugce gitt boi 10 xo0 14 2. Lo xo xo0an éc 3 dude dung dé gitt cho thanh do 1
va chi tiét can kiém tra 4 tiép xudc véi nhau. Néu chi tiét can kiém tra 4
khéng tron (c6 dé léch tam e), thi khi chi tiét 4 quay véi van tée gée Q,
thanh 1 & dao déng thing dung. Gia st khi khong ¢6 léch tam (e=0), luc
nén gitia thanh va chi tiét tai M 1a R,. Hay tim:

a) Van toc goe gidéi han Q'cta chi tiét khi ¢6 do léch tAm dé dam bao
thanh 1 Juén tiép xdc véi chi tiét 4.
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b) Luc nén gita thanh va chi tiét khi Q = 0.1Q".

Biét: m = 0,05 kg; R,=5N; d,=50 mm; ¢ =0.1 mm; 16 xo 14 diil = 30
mm, tiét dién A = b.A = 5. 0.5 mm* modun dan hoi £ = 200.1)° N/m®.
Dudng kinh 16 xo x0an 6c D = 5 mm: dudng kinh dav 10 xo d = . mm; sd
vong i = 10; médun trudgt G = 80.10” N/m*.

Hudng dan: do cting cua 16 xo 14 ¢, = EA/l ; do cing 16 xo xodn éc
¢, = Gd'I(8&iDY)

o o e +e, R . _

Ddpsé: Q =, /[+—=+—"=1116s :R=(5+1.3)N
m e

1.3.8 Hai dam song song nam ngang bi l
ngam vao tuong, ¢ dau tu do caa 2 dam co o -
dong co dién. Médun dan hoi cua dam la %
E =2.10° N/em?®, khoang cécl. tir tudng téi truc ¢ )
dong co 1a [ = 150 c¢m, trong ludng cua dam 7

dude bo qua. Pong cd ¢6 trong lugng @ = 1200 Hinh BT 1.3.8

N. phan quay c¢6 trong lugng P = 200 N, do

léch tdm e = 0,005 cm, van tée géc n = 1500

vong/pht.

X4c dinh mémen quan tinh thiét dién ngang cia dam dé cho biéa d6 dao
dong cudng bic A = 0,05 cm.

32 ,

C 0+ Py _7.0601200 £ 20). @ = I

6gE A 30

= I =8 613 cm” hodc I = 8330 em™.

Dap s6:1 =

b. Dao déng cudng biic co can

1.3.9 Hé dao déng nhu hinh BT 1.3.9. Khé lugng m = 981 kg: do cung
10 xo ¢ = 98,1 N/em, hé s6 can nhét cua chat long b = 196,2 lg/s. Luc
kich dong F(t) = 0,5 sinQ¢ + 0,1 s1n2Q¢ (N).

a) Tim dao dong cudng bic cia hé.

b) Hién tugng cong hudng xayv ra khi Q bang bao nhiéu ?
0,5sin(Qt + ;) i 0,1sin(2Q1 + a, )

9BLJ(@ - Q) +45°Q° 981 (] — 4 ) + 165°CY

Ddp s6: a) 2 =

2 . b 2 4¢ ; Y
= L; = g = —@—u;tga’:——z—gg—u)——j—.b}QZ(u{]&QZ—u.
. w, — 4Ly 2
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e — ——— —

AcosQ)

7

-~
R AR

ey

¥y | m F(f] 2

Rt

e

Hinh BT 1.3.9 Hinh BT 1.3.10

1.3.10 Xvlanh ¢6 khéi hugng m dude da hoi 10 xo véi dd cling ¢. Pittdng
dao dong trong xvlanh theo luat y = Acos Of véi hé s ma sat nhét 1a b.
Tim hién do dao dong ctia xvlanh va pha cua no dm vér pittdng.
hAQ 1)
= — S R e
\/{r‘ - m€y ) + (€YY ¢ —ml)

Dap si: g

m

1.3.11 Mot may dam dat gom co than
may khor luong M, dat trén 16 xo va ¢o r
can nhdt nhu hinh BT 1.3.11. hai khéi
lugng m,, ¢o 1éch tim e quav déu véi toe do '
n (vong/phut) nguge chicu nhau. Khoi
lugng vo may la m. Hav xace dinh cac
tham s6: do cing ¢, do can Lehr D (can | = —=
nho) dé mav 1am vide 6 ché 46 eong hudng 7777 7w L D
Vil kh(mg bat lén khoi nén. Xac dinh ap Hinh BT 1.3.11

lue 1én nén.

i soal TN 5 m e
Bdap s M= M 42 o= Mie—F: D 3 — ot
30 MM + m)y
1.3.12 Mav do dao déng gom vat
nang khot ludang ., duge gid bai 10 xo n
e e 2 , )
co do cting ¢ va bd gram chan thuy luc S | j>
6 d o S W M -
vdh lue can ty 1¢ bac nhat vor van toc y 2 J_J
. s g A & '
tuong do1 (N = by y la di chuvén tudng ¢ $ b Tu{”
dor caa khor huong m doi vél may). Tim -

Tl
S

chuyén dong ma may ghi .
Hinn BT 1.3.12
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dude v(7) khi nén dao dong theo quy luat u(t) = usinQf + 21 1004).
Bict o, =¢/m =0.012%: 8 = b/2m = 0.02Q.

Pap §0: g = i, st (QF =, ) + 20, 5in (10Q1 - @&, }

1.3.13 bBong co dién c6 khor luong m, = 68 kg.
duge ¢o dinh trén mong c6 khar luogng m, = 1200 kg.
Tan 0 dao dong riéng cua ca hé 1a w, = 16,75 rad/s
vl do can Lehr D = 0.10. Lugng léch tim cua dong
co gav ra lde kich dong la F = 100sin31.4¢. Xac dinh
hién do dao dong cua méng va lue truvén xudng dat,

Ddp s6: A =0.0111 em: F,;,= 42 N,

Hinh BT 1.3.13

1.3.14 BDong co dién cd trong lugng @ =
50 N. trén true déng cd ¢6 tal trong khong
can bang p = 0.2 N cach truc quay mot
khoang » = 6 em. Dong co dude dat trén
dém giam chin ¢6 do cing ¢ = 500 N/em.
Khi dong co quay déu vdi van toe goc n = Hinh BT 1.3.14 va 1.3.15
980 v/phat. mo té dao dong theo phudng

thang ding. ty s6 bién dé giam lién tiép theo quy luat  A,/A,,,= 10/9.
Hav xac dinh bién do va gée pha dao dong cudng bie cua déng cd.

Dap s6: A = 0.38 em: a = 58,8",

1.3.15 Pong co dién ¢o6 khor luong toan bo m = 45,35 kg, lugng léch
tam m,e = 0.23 kgm quay déu véi van toe goe n =1000 v/ph. D6 can Lehr
cua bo giam chiin D = 0.2. Cac 160 xo dude chon sao cho do 1dn cua luc
cudng bue truvén xudng nén chi con 10 % (ham khuéch dai V(n7,.0)=0.1).

a) Thiét lap phuong trinh vi phin dao déng cua hé
b) Xac dinh dd cting tuong duong cua cac 10 xo

¢) Xace dinh gia tri 16n nhat cha lue truvén xudng nén.

Pap so:
méj +bq +cqg =m, e sinQr, Q= mn/30
Q)
n=—=472->0,=2219 rad /s
0,

¢ =mwm;, =22323 N/m; F

tel

=0.1meQ’ = 252,22 N
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1.3.16 Xc khoi lugng m chuvén dong dew vin vin the v teén dudng gap
ghénh u(r) =asmQr. Bo giam chin 6 do cune ¢ va hé sé can nhdt b.
thinh BT 1.:3.16).

a) Lan phuong trinh vi phan dao dong thang Qine ¢ aa khéi lugng m.
b) Xae dinh bién do dao dong cua khin lugng .

f)r}p SO0 Ay mr 4+ bi o+ e = ule sin QF + 5O cos Q)

no R G R .
. \/(r' — YY) + Q) o L
”
m N

L

Hinh BT 1.3.16 Hinh BT 1.3.17

1.3.17 Romooe 6 khoi lugng m chuvén dong vdn van tée khong doi v
én dudng gap ghénh. Momen quian tinh cua vat dér vér O 1a J,. Do
eting cua 10 xo 1a ¢ hé s6 can nhdt 1a b Mat duong duge md ta bai
phuong trinh A = h(1l - cosr x/l,): x = ¢vt. Cm diém O khong ¢o di
chuvén thang ding va A<< | (nghia 1a khi viit quay mot gée @ dan dén di
chuvén thang dimg caa diém A). Bo qua khot luing eua banh xe va coi
do cttng cua lop 1 vt 1dn so véi dé edng eaa 10 xo,

Hav xae dinh van toe cun chuvén dong on dinh khi bien dé dao dong dat
g1 tri cde da.

i

Dap so. 1 = e \4‘_{"): /207 + \j(u:/;lf)' + [0 w = [— d=b/2m.



52 BAI TAP DAO BONG KY THUAT

1.4 Dao ddéng cudng bitc khi kich dong tuan hoan
va kich déng bat ky

1.4.1 Vat c6 khéi lugng m =5 (don vi) duge  , f(¢)

treo vao 1o X0 ¢c6 dd cing 1 .

¢ =20 (don vi). Vat chiu kich dong bdi luc Eoo4
tuidn hoan nhu hinh BT 1.4.1. i Wi 5311 : ;
a) Phan tich f(¢) thanh chudi Fourier f--- T A

b) Xac dinh dao déng cudng bitc binh 6n cha Hinh BT 1.4.1

vat.
. - 1 . L. ;
Dap s6: a) f(t) = —(sint +—sin3t+—sinS5t +—=sin 7t +...)
T 3 5 7
b) z =1,69sint — 0,34 sin 3¢t + 0,048sin 5¢ —...
1.4.2 Vat c6 khéi lugng m dude treo boi 160 xo ¢6 dé cing c. Tail thoi

diém dau, vat chiu luc F, = const va kéo dai trong khoang thoi gian ¢
(Hinh BT 1.4.2). Xac dinh chuyén dong cua vat trong cac giai doan

O<t<rtvat>rt
Dap so:

F
0<£<r:$=i(1—cos\/zt);
C m
F c C
t>r:x=¢[cos\j-—(t—r)—cm /—t}
C T m

AN

Cy b
@)
A Truc cung
7
F, m
x(t) T ;;—},3
Cr
t
< . > u(t)

Hinh BT 1.4.2 Hinh BT 1.4.3
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1.4.3 Trén Hinh BT 1.4.3 1a mé hinh dao ddng ca hé théng banh trude
ctia 6 t6, trong dé banh xe duge mo hinh héa bai 16 xo ¢6 dong cing c,,
giam soc la phan ti dan héi - can nhét. Cho biét ¢,=300 N/mm, ¢,=70
N/mm, hé s& can b = 2500Ns/m, khoi lugng m = 40 kg. Gia thiét kich
dong wu(t) c6 dang ham bude nhay: u(t)= u, khi t>0 véi z,= 50 (mm).

a) Hay thiét lap phuong trinh vi phan dao déng ctia khéi lugng m.
b) Tinh toan dao déng cudng bic cua khéi lugng m

¢) Xac dinh bién d9 dao dong cudng biic 16n nhat.

Ddp sé: a) m¥ +bx + (¢, +¢;)x = cu(t)

cu -Dagy
Mo |-

e
)+ gl =D*

Véi o, =96,2 (1/s); D=0,325 ©=90,0(l/s); p=0,331

b) x(¢) = cos(w! — )

C) Xpae= 54,3 (mm)



Chuong 11
Dao ddng tuyén tinh cua hé hitu han bac tu do

2.1 Thanh lap phuong trinh vi phan dao dong

2.1.1 Su dung phuong trinh Lagrange loai 2

Thidu 2.1 Cho md hinh dao déng nhu hinh TD 2.1. Thiét lap phuong
trinh vi phan dao dong cua hé.
Loi giai. o) trang thai can bing tinh, cac 10 xo F(@) T
bién dang cac doan 8,4, &y:

c0,, =(m, +m,)g,

110 (1) m2
02520 Ee R X2 ‘ :

Chon toa d9 suy rong ctua cd hé 1a (x,, x,), v6i x,,

x, tuong ing 13 6 léch cha cac khéi lugng so Cz b,
véi vi tri cAn bang tinh.
Doéng niang va thé ning cta cd hé ¢6 dang: —| ™
Tzlmm‘z-i»lm A *i
2 Y4 2R TR

1 I | 2 C, b,
Il = Ecl (.7:, - 510) - Eca (:.."2 = - 52(,) + m, gz, + M9, .
Ham hao tan cua cd hé: Hinh TD 2.1

S | ' ,
DO = Eblzf +5b2 (5:22 —zf).

Cac lyc suy rong caa céc luc hoat dong khéng c6 thé la:

Q =0 @ =F0.
Biéu thue luc suy rong:
I1 .
Q = Lo +Q, (i=1,.,n),

dq, 0q,
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er = -Cl('rl - 5lu}+ (.‘2('.1‘2 - ._,._' - JJW} - m| g ‘Ir}. 'i-i g 5.‘.(:1-:2 - ;tl)'
Q. =-gln, —z ~8, )~mg—b(z - z )+ F{t);

St dung (1) nhan dudc:
Q:' = --(cI 3 -2 );z:l +¢,T, ~ (bl + :’J: )_f-l + ?;*,.-I.:

2
Q, = 6% — 6T, +bg —b3, + F(1) v

Thay thé vao phuong trinh Lagrange loai 2:

iﬁ_?’-ﬁ:@‘ i:]_,...,n,
dt\aq ) oq

ching ta nhan dugc hé phuong trinh vi phian dao déng cua co hé:
{ml.f] +{h +0 )8 ~b4 +(c +6,)r b2 =0,

|z ~bd +ha ~gx vom = Fi),

Nhan xét: Néu chon x,, x, 1a d6 léch so vdi vi tri can bang tinh ctia cd hé
thi biéu thic thé ning co hé khéng chua céc trong lugng m g, m.g.

Thidu 2.2 Thiét lap phuong trinh *W%

vi phdn dao déng nho cua co hé c6 hai 0 O 7
thanh déng chat, khoi lugng m, chiéu
dai L ndi v6i nhau bang 10 xo ¢6 d6 i
cang ¢. O vi tri can bing cac thanh 4 1
thdng ding, 16 xo khong bién dang. 0
Loi gidi. Chon toa dé suy rong (4, T HAMMWWIMWAAA |
&), véi 6,, 6, tuong ing la goéc léch \ J \

cua cac thanh so véi vi tri thang -

ding.

Hinh TD 2.2
Dong nang va thé ning cua co hé:

2 3

T = J—m£—02 +imi£—9q

2 3 Y 2 3°

2
)

L
1= —mg;cos{)J - mg—cos0,

+%[(a sin 0: —asn 0| )-’- = (a cos 91 weos 0‘ )z]
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Cac luc suy rong:

oIl L . a g )
le :-é-é-l- :—mg;—-smﬁ‘l +ca’ [(sm@z —51116’!)c056’| —(cost?: —Cos(a‘l)smé?]],
QB: = _2% - _”W%Singz +ca [—(sim‘;?'2 —siné?l)cosﬁz +(cost92 —cosﬂ)sin@z:',
2

Xét dao dong nho nén siné, =~ 6, sinb, = 6,, cosb, =1, cosG, = 1 do d6

Q"’. = --(mg-i— + ca2]6‘| + cazﬂz, ng = cazt?1 - (mg% + caz)é'z.
Thay thé vao phudng trinh Lagrange loai 2 ching ta c6 phuong trinh vi
phan dao ddng nho cua co hé xung quanh vi tri cdn bang:

lmﬁ& +(mg£+cazjﬁ - ca’f, =0,
3 | 2 | 2

Linl —d%0 +(mg£+ca2)9 = 0.
3 : ' 2

7

Jy J, Jy
c C
,-”,u 1 2 if::’ X
e T, 14— —— = ——p—
P 2 s
Hinh TD 2.3

Thidu 2.3 Co cdu truyén dong cuia may tién dugc mé hinh thanh
thanh hé ba dia ¢c6 mémen quan tinh déi véi truc quay x 1a J,, Jy, ;.
Ngau luc ma sat nhét & cac 6 da ti 1& vdi van toe goc. Cac doan truc cé do
cling xodn 14 ¢,, ¢, va khai lugng khong dang ké. Momen xoén cta dong
cd truyén qua day dai 1a M(¢). Thiét 1ap phuong trinh vi phan dao déng
cua cd hé.

Loi giai. Chon toa d6 suy rong cua cd hé la (¢, @&, @), VOl ¢, @, ¢
tuong tng 1a géc quay cua cac dia.
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Déng nang va thé niang cua cd hé la:

[ B I s | 5
1 = EJIq)lz +5J2(0j +‘£J]Q’J;, Il = -}-l-f“{@?: = ‘;&')l)— +§*Cz(§0] —992)-.

Cac ngau luc can: M1 =-bg,, M, =-bg,.
Biéu thiic cac luc suy réng clia cac luc khéng cé thé la:
Q]' = _-blqbi! Q; = _bz';bzﬁ Q': = A:{(t} =

Thay thé vao phuong trinh Lagrange
loai 2, nhan dudc phuong trinh vi phén
dao dong cuia cd hé:

ANNRNARNNRN
3

quﬁl * bl¢l tep —cp, =0,
Jz'iiz F bz¢: et (CI te )503 =80, = 0,
J.p, - cp, +cp, = M(t).

Thidu 2.4 Cho mé hinh hé dao
dong 5 bac tu do chiu kich dong dong

hoc x, = x,(t). Cac khéi lugng chi c6 Cis
thé thuc hién dao déng thing ding.

Hay thiét lap phuong trinh vi phéan

dao dong cua hé.

Loi giai. Chon toa db suy réng cua

cd hé 1a (x,, x,, x,, x4, x;), trong d6 x;1a
dich chuyén cua khéi lugng m, m, —_—
(1= 1+5) ké ti vi tri can bang tinh . : X
Déng ning, thé nang va ham hao tan e
cua cd heé la: ¢ S b,
2 . 3 . )
T:lml:&;+imlxi+—m1:{:;+~1—m:.':2+ Xy
] 2 14
~ Y
g mui_f' Hinh TD 2.4

1
+Ecd.‘- (:’:ﬁ - zaf)z ¥
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-

1 g 1 o . Ak . eos@  } ; . 32
Pt [:1:1-3:“)2+Eb:3(:c3—112) +_2'b45($shx4) +5blﬁ(1.5_xl) '

Thay thé vac phuong trinh Lagrange leai 2, nhan dude phuong trinh vi
phan dao ddng caa co hé:
z, (t)+cz(1),

mz + (bl * b!.’-)xl - 5)15:55 + (CI tC, CIS)II =T, T 6 E, = bl "

%y +b:_1xz - bza‘T1 €Ty T €T, = 0,
m.I, 'Lbzaxz + bz:::r.: +C, %, — 6, T, = 0,
mz, +645‘T4 . basxs —Co Ty t+ (C.u *Cys }:rﬁt — Lty ™ 0,

ML= bmra _b45I4 * (bl_‘i + '545 )I_'- =Bty — gty +(Cl$ * Cys )Is = 0.

2.1.2 Phuong phap luc

Thidu 2.5 Thiét lap phuong trinh vi phan dao dong cia dam khéng
trong lugng mang ba khéi lugng tap trung m,, m,, m,;; médun dan héi
cua dam la E, mémen quan tinh cia mat cit ngang la 1.

-
-
- -
T

L4 L/4 L/4 L/4

Hinh TD 2.5

Lai gidi. Trude hét ching ta tinh cac hé sé anh hudng d, cua ma tran

dé mém D theo céng thuc:

g i
" 6 LEI
Céc thanh phan cia ma tran D dude tinh nhu sau:
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3L 11z EE
d = , dEm— ;
"256EI’ " 168EIT " 763Kl

d,, :d-\? dwz = L s f"f-q:_-l_l_L_'-
- a - 48FE1 = T86E[
3L

d, =d_, du = dza’ d,u = ﬁ}'

9 11 7

3
= L 111 16 11 (1)
T68E1
7 11 9

St dung dinh luat Hooke suy rong:
o ==K . (2)

Khi cac khéi lugng dao déng xung quanh vi tri can bing tinh cac luc téac
dung f; bao gom luc quan tinh —-m § va ngoai luc F,(f). Ta cé:

i m 0 0 |g | |FR
f=|f|=-10 m 0]lG]|+|RA]. (3)
f, 0 0 mlldl| |F

Thay thé (1) va (3) vao (2), nhan dude phuong trinh:

1 E m 0 0 g
¢ |=D|F|-D|I0 m, 0]dq],
7 F, 0 0 ml||q

9 11 74 q OF +11F, +7F,
mL' i I L

. 16 11|{q |+|q | ==——="|11F +16F, +11F

T68ET - 168E1

7 18 9lg 0 78 +11E, +9F,
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2.2 Dao ddong tu do khéng can

Thidu 2.6 M5 hinh hé théng treo 6t6 duge don gian hoa nhu hinh TD
2.6.a. Cho m, = 200 kg, m.= 800 kg, ¢, = 6.10° N/m, ¢, = 5.10* N/m. Xac
dinh cac tan s6 riéng va cac dang dao déng riéng cla co hé.

Loi giai. Chon toa d6 suy rong cua co hé 1a (x,, x,), trong dé x,, x, 1a dd
léch cua cac khéi lugng m,, m, so véi vi tri cAn bang tinh.

Phuodng trinh vi phan dao.déng cua co hé ¢6 dang:

oz T 2R

Ma tran khéi lugng, ma tran dé cing cua co hé la:

m, 0 e+, ~E
M_{O mz], C=[ 4 Cz]-

N F Thén xe —> e
Phuong trinh tan s6 c6 dang:
2 lx-,
c, +¢, ~om -C,
5 =1 Hé théng treo —>
-c, c, —wm,
V@i cac gia tri da cho, tim dude cac Bdnh xe —>
tan sé riéng: g i
2 X
=57 = s o
, 6= w0 =7,6 radfs, Lop e —> ,
2
G 335 2o & 51 mdls
? 4 KEEL LA ELS EFTTLS
Tuong ing vdi cac tin sb riéng, cac Mat duong —
vec to réng duge xac dinh tu Hinh TD 2.6.a
phuodng trinh:
ey~ a:.'rf'f:n;J -, a,, 0
-6 ¢~ w:m: [a?"} S|of
¢ V6 o, (¢, +c,-mw’)-a, -ca, =0=>-3=12,8
a
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.. fl.,
+ V61w, =l AT, - mw )a, =0= -2 = -002

a L2 a.

Nhu vy ma tran dang riéng cia co hé la:

! 1
V—[lE,S -0.02]'

Cac dang riéng duge biéu dién trén hinh 2.6.b.

Dang riéng 1. Than xe va banh g
xe dao dong cling pha. Than xe B
dich chuyén gip 12,8 lin truc L 12,8
banh xe, nhung tan s6 kha o
thap: thap hon 3 vong/s. s

Dang riéng 2: Than xe va banh
xe dao dong ngudc pha. Than xe _1‘ 0.02
dich chuyén it hon 0,02 lan so il e

vl truc banh xe. Dang dao
dong nay gdi y cho viéc thiét ké Hinh 2.6.b
xe chd khach.

Thi du 2.7 M5 hinh dao dong ngang ctia tod nha 3 ting. Xem ring
khoi lugng cia cac tang bang nhau m,= m,=m,=m = 262,69.10° kg, do
cling udn cua cac bic tudng d cac tang la ¢, = 3¢, ¢, = 2¢, ¢,= ¢ = 88,56.10°
N/m. Xac dinh cac tan s6 riéng va cac dang dao dong riéng cua cd hé.

Loi giai. Chon toa dé suy rong cua cd hé (x,, x.. x;), la cac do léch ngang
cua cac khéi lugng m,, m,, m, so véi vi tri can bang thing ding.

Biéu thic dong ning va thé ning cta hé ¢é dang:

l % 1 -3 l -3
T = E TR|I|2 + é 1”’21:; 2 L2 My Ly,

1 I .
[=—cz +—c(z, -2 +=c(z, - 2,).
2 (e 2 ‘( 2 |) 2 1( 3 _)
Phuong trinh vi phdn dao déng nho cia co hé xung quanh vi tri cin
bing Mx + Cx =0, véi ma trAn khoi lugng va ma trin dé ciing caa co hé
la:
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m 0 0 X3 s
M=|0 m, 0|, ; H H
3 - u
K J28
] 0 0 m, : C4/2 e Cal2 :
Xo -
0 3 :
& *ey : :
. a s s
C=| -6 g+ - 0 cy/2 c/2H
0 “5 & / x, H My
i “
Phuong trinh tan sé cia cd hé ¢6 dang: E E
g : c,/2 c,/2
¢, +c, —o'm -c, 0 : :
-c, C;+Cz_“’2m~ -C, :O/ / ////////// //
0 -c, ¢, —w'm, Hinh TD 2.7.a

Dit A = o 3::—’“ phuong trinh tdn s51a 2°- 942+ 184 - 6 = 0. Cac nghiém
cua phuodng trinh tuong ing véi cac tan so riéng:

A, =0,4158 = =11,84 radfs,

A, =2,2943 = w, =27,81 radfs,

A, =6,2899 = o, = 46,05 rad/s.

Phuong trinh xac dinh céc vecto riéng c6 dang:

s-4, -2 0 |[a] [0
2 3-4 -1 ||a,|=|0
0 -t 1-4]|e] |0
Suy ra:
(S - l,__)a”_ ~2a,, =¥,

o, +(1-4)a, =0.

k1

Do dé tudng ung cac tin sd riéng ching ta c6 cac dang dao dong riéng la:
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I 1 E ;
v, =229, v,=| 135 v =l-06
3,92 ~1.04 0,12

Ma tran dang riéng:
1 1 1
V={229 1,35 -0,64|.
392 -1,04 0,12

Cac dang riéng dudc biéu dién trén hinh TD 2.7.b.

I T4
# S iy - g i "
r Sid ot diém n1t L’ T—diém nut
7 1 4 J.f
1,, \\\ t!
E— - ]
’ 1 b
I ] ~ . a7 P
! | ~— diém nut
I 3 2
! ;I %y
ol oy —-)-"
I ]
1 '}
]
a) |, b) c) i
Il Fi
f /
Hinh TD 2.7.b

(a) Dang riéng 1. Cac khéi lugng dao dong cung pha, dich chuyén tang

theo chiéu cao.

(b) Dang riéng 2: Khoi lugng m,, m, dao dong cung pha, khéi lugng m,

dao déng nguge pha. Xuat hién “diém nat” & vi trf gidta m, va m.

(c) Dang riéng 3: Khéi lugng m,, m; dao déng cung pha, khéi lugng m,
dao déng ngudc pha. Xuit hién 2 "diém nut” o cac vi tri gita m, va m..

Cé thé suy ra nhan xét d8i vdi toa nha n ting:  dang dao dong riéng thi

k sé ¢6 (k -1) diém nut.
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Thi du 2.8 Cho mé hinh dao déng gdm sau vat ran nhu hinh TD 2.8.a
a) Thiét lap phudng trinh vi phan dao dong cta hé.

b) Cho m,;=2m, m, = 5m, my = 10m, m, = 3m, my = 6m, mg = 8m, ¢, =c,
¢, = 2¢, ¢, = 4¢, ¢3 = b¢, ¢, = 2c, ¢ = 5¢. Hay xac dinh cac tin sd dao dong
riéng va cac dang dao déng riéng cua co hé.

¥ x X3 X s Xo
i .rj ll /j 3 ;1 s ;i l fj . zi S
m, W me P ™ ] ™ by ™ by ™
C C e C Cs

! 1 00D 00 8 0L )

Hinh TD 2.8

Loi giai. Chon toa dd suy rong cua cd hé 1 (x,, x,, x5, x,, X5, Xg), trong do
x, 12 di chuyén ctia vat thé c6 khéi lugng m; (i = 1+6) tinh tit vi tri can
bing tinh.
Biéu thiic dong néng va thé ning cua cd hé c6 dang:

: :

P
T = —:ifzfziu.'lzl2 +=m

2

.2 . 2 1 a1 .2
2:52 +Em_‘$1 +—2—m4.'1:4 +Eﬂ1§$ﬂ +51nﬁxﬁ,

| 1 1 2
I = Ec“xf +Ec' (:::2 ma:l)z +—c3(:51 s rz)z +EC’ (a:‘1 -:.93)2 +5‘34 (Is “Ea) +
1
+§Cs (Iﬁ - xﬁ)z'

Thay thé vao phuong trinh Lagrange loai 2, nhan dude phuong trinh vi
phén dao déng cua cd hé:

mi + (::u + ¢, )xl -¢7, = 0
m,E, — ¢z, + (C| + cz) r, -z, = 0,
m, — ¢z, + ((32 + lf*.j):r1 ez, =10,
m,x, —Cc.T, +(c3 + c‘).—r‘ -cax, = 0,
m, - T, + (c4 + (:5)175 -cz, = 0,
mz, -ez. +eczx, = 0

Ma tran khai lugng va ma tran dd ciing cia cd hé la:
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‘m 0 0 0 0 0]
6 m 0 0 0 O
0 0 m 0 0 O
M=o 0 om 0 of
6 0 0 0 m O
0 0 0 0 0 m
(¢, +¢, ¢ 0 0 0 0]
-, ¢ +¢ -G 0 0 0
0 -, G+6 G 0 0
b= 0 0 =<0 GYe =6 0
0 0 0 —¢, ¢, +¢C —C
0 0 0 0 -, (18

Phuong trinh tan sé: ]C ~ w2M| = 0.Dat 1 = 2 ©? ta c6 phudng trinh:
i

979 .5 85823 . 27383 . 19099 .. 4091, 1
120 3600 900 1200 © 1800 " " 30

Giai phuong trinh trén thu dugc cac nghiém nhu sau:

)».6

A= 0,0165, tuong ang @, = 0,1285\/—?—;
m

A,=0,1932, tuong Ung o, = 0, 4396‘/_?_;

m

A= 0,9436, tudng ing @, = 0, 9714\[E;
= m

A.=1,6127, tuong tng o, = 1,2699_ [ ;
m

A= 2,0591, tudng tng o, = 1,4349 | ;
’ m

A= 83,3332, tuong Ung o, = 1,825?\]1 "
m

+— = 0.
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Cac véctd riéng v; tuong ting véi cac tan s6 riéng , (i = 1 =+ 6) la:

v, =[1,0000
v, =[1,0000
vz =[ 1,0000
v, =[1,0000
vs = [ 1,0000
vg = [ 1,0000
Ma tran dang riéng:
11,0000
1,4835
1,6946
1,7887
2,0266
2,0816

1,4835 1,6946 1,7887 2,0266 2,0816]7,
1,3068 1,1445 0,6678 -0,9560 -1,3839 1",
0,5564 -0,3216 -0,4012 -0,0720 0,1412]",
-0,1127 -0,4419 0,5263 2,1577 -1,3654 |7,
-0,5591 0,1004 0,1955 -0,1231 0,0536]",
-1,8332 4,3883 -15,8426 2,6749 -0,6173]".

1,0000 1,0000 1,0000 1,0000 1,0000 ]
1,3068 0,5564 -0,1127 -0,5591 -1,8332
1,1445 -0,3216 -0,4419 0,1004 4.,3883
0,6678 -0,4012 0,5263 0,1955 -15,8426|"
-0,9560 -0,0720 2,1577 -0,1231 2,6749
-1,3839 0,1412 -1,3654 0,0536 -0,6173

Cac dang riéng dudc biéu dién trén hinh TD 2.8.b:

é Dang riéng tha 1
" Vat thé

L e

5.
-

j- Dang riéng tha 2
| Vat thé

Hinh TD 2.8.b
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ey ~ Dang riéng tha 3

?' Dang riéng thi 4

| Vit thé

Dang riéng thi 5

6. .
Vat thé

: 6. i "
A\w Dang riéng thua 6

Hinh TD 2.8.b
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Thi du 2.9 Trén hinh TD 2.9 biéu dién luge d6 cd cau truyén dong
ddy dai cuaa may tién. O ché d6 binh 6n mémen quay ciia ddéng cd can
béng véi mémen cla luc cit got (bd qua luc can), ing suit tuong Ung cua
cac nhanh day la o, va o0y. Cho £, = 160 mm, I, = 200 mm, mdmen
quan tinh cia banh dai dan déng I va réto cua déng co dién 1a J,= 0,08
kgm?, cua banh dai bi dan II va truc may J,= 0,1 kgm? [ = 0,6 m, dién
tich thiét dién ngang ciia diy dai 1a F = 2 cm®, médun dan héi cua day
dai 1a E = 100 MPa, géc trudt dan hoi cua day dai la ¢, = 150°, hé s6 ma
sat cua day dai va banh dai 1a x4 = 0,3. Thanh 1ap phuong trinh vi phan
dao déng bé ctia dao déng xodn cua cac banh dai I va II, sau d6 xac dinh
cAc tan so riéng cua hé.

Loi giai. D6 dan dai cia nhanh diy dai trén va dudi khi cac banh dai I
va II ¢6 géc quay ¢y, @ (so véi chuyén déng binh 8n) la:

AI1 = RI@I - Ro, ,

1
Al, = -Ro, + R, )
|7 - A
7/ /\

Hinh TD 2.9

Mit khac d6 dan dai cla cac nhanh day dai sinh ra do cé {ng sut bd
sung khi ¢6 dao dong quay khi ¢6 dao déng quay cua cac banh dai, duge
tinh theo cong thic:

Al = Ag, [i S —Ii(l—c"‘“‘““) ] = a,AF,,
E B

l R =
Ao, [—E + E”E(cmw _1)} = Ay

AL
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Phuong trinh vi phan dao déng cua co hé ¢t dang:
J ¢, + RF(Ao, -Ao,) = 0,
Jp, + R:F(Acr2 - Acrl) = 0.

St dung (1), (2), bién d6i (3) vé dang:

& R,z Fa, R R,Fa,
_— - ——9p, =0,
?, J, @ J @ .
P,
- Fa o
&, ER} ]‘-?91 o+ RQJ :99: =0,

trong do a, = (a, + a,)/a,a,.
Cac tan sd riéng:

w =0 o = \jFa, (34-&] = 109,925 1/s.

1 JI

(3)

(4)

Thi du 2.10 Xe 6t chd khéi tru. Coi xe 1a vt tinh tién, khéi tru lan
khéng trugt trén san xe. Thiét 1ap phuong trinh vi phan dao ddng cua

co hé va dua vé dang toa do chinh. Cho m,=m,=m, ¢,=¢c,=c.

Loi giai. Chon toa d suy rong cua
cd hé la (x,, x,), trong d6 x, la dich
chuyén ctia khéi tam 6to, x, 12 do dai
hién thdi cua 14 xo ¢,. Chon géc 6 vi
tri c¢An bang (tai 6 x,=0, x,=L). L 1a

do dai tu nhién cua lo xoc, .

Biéu thuc dong ning va thé niang co
hé la:

(Z, + x’z)z +

T =-1—m1:éz +im
I 2 2

2

- .2 . 2 ey
=mz +-—mI, + mIz,,

1 s 1
I1 =ECI.'L'; +"'2"C.,~ (.’-‘32 '"L)z.

Phuong trinh vi phdn dao ddng cua co hé ¢ dang:
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2mZ, +mi, +cz =0,
mi, + —'m:ifz +cz, = cL.

Diét ¢, = z,q, = 2, — L,nhan dudc phuong trinh v1 phén:
2mg, +mg, +cq, =0, Y M .
M= ; B= :
mq, +—2wm'q'2 +eq, =0, m 1,5m 0 ¢

Phuong trinh tan so: |C - m2M| =0,hay 44° -74+2=0,vé1 A = sz.
¢

Giai ra thu dugc:

8 ’ m

A =7+mmwz=l,18 =
8 m

2

Ma tran dang riéng cua co hé

1 1
e 0,78 -1,28|

Tinh toan nhan dudc:
4,476m 0

T sy

: L6c 0
VeV = .
. = 0 2,64c

Phuong trinh vi phan cta hé 6 dang toa d6 chinh:

B +0,36—p, =0,

m
- c
p, +L,4—p, =0,
m

Thi du 2.11 M5 hinh 6t6 1a hé dao déng bén bac tu do biéu dién trén
hinh vé. Thiing xe va khung cé khéi lugng m, mémen quén tinh déi véi

truc ndm ngang di qua trong tam G la J. Khéi lugng cac ciu trude va
ciu sau (ké ca cic banh xe) 12 m, vA m,. D6 cing ctia hé théng lo xo 6 gia
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dd trudc va sau la ¢,, ¢,, dd cliing cua cac 16p xe trude va sau la ¢; va c,.
Hé sé can nhét ctia cac giam chén @ gia da trude va sau la by, b,.
a) Thiét lap phuong trinh vi phan dao déng bé cua co hé trong mit
phang thiang ding.
b) Cho J =200 kgm® 1,=3 m,l,=1m, m =200 kg, m,=m,= 30 kg, ¢, =
¢, = 4.10° N/m, b,=b,=0, ¢; = ¢, = 10° N/m. Tinh cac tan s6 dao déng
riéng va dang riéng.
c¢) Xét su truc giao cua cac dang riéng vdi ma tran khoi lugng va ma tran
do cing.

Ly

L
Loi giai. Chon toa dd suy
rong cta cd hé 1a (v, ¢, y;, ¥») 1
{

trong d6 y la dich chuyén
thdng ddng cta trong tim G, :
@ 14 géc quay cua thung xe so %y s
vdil I;)}u;f('jnﬂ,gr ngang; y. Y | b W T v i, zr/////./?
dich chuyén thang ding cua
trong tdm cdu trudc va cau
sau. Cac dai lugng duge tinh
so v0i vi tri cin bang tinh.

A

Biéu thic doéng ning, thé
niang va ham hao tan co hé la:

] o booa L . L g
Tzimy +5Jqp +Emlyf+5mzy2,

2 HinhTD 2,11

1 5. 1§ s 1
I1 =§C3y1 +"§C4yz +"§Ci(y+£|§'9_y|}

| 5
+Er‘:(y "'L:@_ y:)b+

. . | S
SR BY b4, )
Luu y: Céac dich chuyén théng ding dude tinh so véi vi tri cdn bing tinh
nén bo qua cac trgng luc trong céc biéu thite thé ning cta cd hé.
Phuong trinh dao dong bé cta co hé xung quanh vi tri cdn bing
Mg + Bg+Cq =0,
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'm0 0 0] [ bl +bz bjzl - bzzz _b: _bz-
I L Ll I L T T
0 0m O -b, b1 b 0|
00 0 m| | - bl, 0 b |
[ ¢ +¢, ¢l-cl ¢ -, 1 Fy ]
o bei—Le cllf +ell -el el o @
1 -cl ¢ +e o | Yy
-c, c,l, 0 c, +¢, ¥ |

Thay céac gia tri da cho, phudng trinh tin sé 1a
@ - 57333,30° +0,822.10°w* - 0,176.10" @* + 0,7.10" = 0.

St dung Maple, tinh dudgc:
w =23,04s" 0, =44255s" 0, =138,5s" ,w, = 188,82 5.

Tinh toan vectd riéng, c6 ma tran dang riéng

0,98 -0,34 -0,15 0,44
-0,23 -1,44 0,036 1,86
V=024 424 024 —424]
B 1 1 1
[234,1 0 0 0 ]
e 0 10036 O 0
0 0 3662 0 |
0 0 0 13037
(124210 0 0 0 ]
— 0 1965000 O 0
0 0 702830 0
0 0 0 46479000

Nhu vay cac dang riéng truc giao véi M va C.
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Thidu 2.12 Ba toa tdu nhu nhau khéi luong m dude néi ghép vdi
nhau. D¢ cing cua cac khdp néi déu 1a e. Khi néi ghép, toa tau bén trai
c6 van téc v,, hai toa con lai ding yén. Xac dinh quy luat chuyén dong
cua co hé sau khi ndi ghép.

Loi gidi.a) Thiét lap phuong X, %e %
trinh vi phan dao dong cua 2——)1 '”’a—>| %—)l
cao hé e ” c

Chon toa d6 suy rong la (x,, m-\WAY - m VWA em
Xy, x3), trong 46 x, 12 dich vl

chuyén cta trong tdm toa
tdu thit & so véi vi tri cin Hinh TD 2.12
bdng tinh. Biéu thic dong
ning va thé ning cua co hé la:

T=imif+imi::+—mz'f,
2 J
1 2 1 2
H:—z-c(:rz—:cl) +§c(x]-mz) :

Phuong trinh vi phan dao ddng cua cd hé Mx + Cx =0, trong dé

m 0 0 C -c 0 _rL']
M=/0 m 0|, C=|-c 2¢ -c|, x=|z,
0 0 m 0 - c¢ Iy

. . s - T T
Diéu kién ddu chahela x=[0 0 0 , x=[y, 0 0].
b) Tin s6 riéng, dang riéng

Phuong trinh tén s8 |C - w*M| = 0 c6 dang

¢ — mw’ —c 0
-C 2¢ — mw? —c =0
0 -c ¢ — ma’

bat A = Z o phuong trinh tan s cé nghiém1a 4, =0, 4, =1, 4, = 3.
¢
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%
Tuonging , =0,dangriéng v = [i 1 1} i

T
mz=E,dangriéng ngl-l 0 -l],
3

@, = E, dang riéng v, = [1 -2 1T.

Ma tran dang riéng:

1 1 1
V=1 0 -2].
1 -1 1

Nghiém téng quat ctia phuong trinh vi phan dao dong cd hé la:

X=v, (A1 + Azt) +v, [Bl cos\/%t + B2 sin Eﬁj

r

A [Cl cos \/3—7% +C, sin \F_Etj
' m m

St dung cac diéu kién diu dan dén:

c 3c
A2+J:B +\[—-_—C’ =,
A+B +0C, =0, m * Ym *°

A}_g(;'l:(}, <A1—2\F’—EC?=O,
m
A-B +C =0. - e
AZ—\/—;1*32+\/—;1:C2 =0

Giai ra dli(_:ic: A] = Bl :CI o O’Al :P:;_I'B" =v_20\/—ﬂ_'02 :%\/3E ‘
- c C

Phudng trinh chuyén dong cta cgo hé la:

v v v ,’

z, =ﬁt+—ﬂ"j~ﬁ—sin\/€t+i i—nisin gﬁt,
3 2 Ve m 6 V3c m
v v

T, = g2 )ﬂsin\/gt,
3 3 V3c m




Chuong 2 DAO DPONG TUYEN TINH HE H(U HAN BAC TU DO 75

U U m . c v m @
Z, =1 === f—-sm ,—t+—”— ’—sm —t.
3 2 N¥e m 6 Vi m

Nhan xét ring cac toa xe dao déng xung quanh trang thai chuyén dong
déu véi van toc vy/3.

Thi du 2.13 Cho co hé 1a hai con lic vat 1§ néi véi nhau bang 16 xo
nhu d thi du 2.2. Tim diéu kién xuat hién hién tugng phach.

Loi giai. Phuong trinh vi phan dao déng cua co hé dudi dang toa d6 suy
rong (6,,0,) la

& mL"‘é?'[ +(mg % +ca’)0 -ca’d, =0,

lmLzéz ~ca’d, + (mg£ 4 cazjt‘}, = (.
3 2 G

Tan sé riéng cua cd hé 12 nghiém cta phuong trinh tan sé

2

2 2

mg— + ca® - W
JC—a)lez 2 3 1

~ca’ mg = +ca’® -

20 e 2d S
2L 2L mL

Tinh toan ching ta ¢ o] =

Hién tugng phach xudt hién khi o, = o, ticla o, - o, << @, . Hay

2

w! -0l <<’ ticla <<g.

m
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2.3 Dao déng tu do ¢o can

2.3.1 Phuong phap ma tran dang riéng

Thi du 2.14 M5 hinh dao dong co hé hai bac ty do gom haiﬁ’ khél uong
trugt khéng ma sat trén nén ngang. Hay tim quy luit chuyén déng cua
co hé. Chom =1 kg, ¢ = 100N/m, b =2 Ns/m.

Loi gidi. a) Thiét 1ap phudng trinh vi phan dao dong cia co hé.

Chon toa d6 suy rong cua co hé

1a (x,, %), véi x, 12 dich chuyén 2—% %"—%

cua khoi tAm vat k so véi vi tri 4 A = %
can bang tinh. Biéu thic dong 7 I b c b
ning, thé ning va ham hao g AR i —’V\/\ﬁr‘ 2m ‘V\N\/‘g
tan cla co hé la: Z 7
b e - ‘;f////f/ff////4"/J"A"f"I'J"////."////ff//////////{'//////;
S .2
T o S Hinh TD 2.14
.l 3 l 23 I
Il Ec:.cl“ +5C(I: -z) +u2~c:1::,
; T
O = Eb:r] +b(z, -2 ).
Phuong trinh dao déng ctua hé la
mZ, + 3b&, — 2bz, + 2cz, - cz, = 0,
2mZ, — 2bz, + 2bz, - cx, +2cz, = 0.
m 0 3b  -2b 2¢ -c¢
M= . ] . = :
0 2m B -2b 2b & -c 2c
7 i b b § W
Taco B=aM+6C vl a=-—,8 =3-, do vay c6 thé su dung phuong
m c

phap ma tran dang riéng dé x4c dinh dao déng tu do c6 can.

b) Tan sé'riéng, dang riéng
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i

Phuong trinh tan sé |C - (91M| =0 ¢ dang:

2¢ - @'m -C
. |=o0.
- 2c - 2w°m
2
Dat 4 = ol nhan dugc phuodng trinh d61 véi 4 la:
C
4* ~31 +1.5=0-

Giai ra dude:

= T
4 ﬁ,a}, =0,7962,]-=,v, =[1 1,366]
2 m
+

3

ES

0, =1,5382 /<. v, =[1 -0 366

m

A =

Ma tran dang riéng:

1 ]
L [1,366 o, 364

¢) Phuong trinh vi phéan dao déng o cdc toa do chinh.
Diat x = V.p,

0 1,268 0 4,732

4,732 0 1,268 0
VIMV =m , VIBV =0 , VICV = ¢

Phuong trinh vi phén 6 toa dé chinh la:
4,732mp, +1,268bj, + 3cp, = O,
1,268mp, + 4,732bp, + 3cp, = 0.

Dua vé dang don gian hon:
p, +2Dwp +op =0,
i, +2D,0.p, + @lp, = 0.

trong d6 cac d¢ can Lehr la: D, =0, 268-L, D, =3732 9
2mw, - 2maw

-

£
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Diéu kién dé p,, p, thuc hién dao déng tit dan 1a D, < 1 va D,< 1, ztc la
b < 2x0,412 Jmc . D6i véi so liéu da cho thi diéu kién nay thoa man.
Biéu thiic nghiém d dang toa dd chinh:

—D'mlt

p,(t) = e (c, cosm t+c,sinwt),

p,(t) = e‘Df“’f'(czl Ccos w,_:t +c,, sin w;f).

P 2 2 . _ 2 2
trong d6: o, = le =Lk, ==L .
Quy luat dao dong cua hé la x =v,p +v,p,

- Dyt

=D b - i * . i "
z, = e "¢, cosw,t + ¢, sinw, t) + e (¢, cosw,t + ¢, sin w,t),

z, = 1,366.e%(c,, cos o, t + ¢, sin w, t) - 0,366.e"2(c,, cos w,t + ¢,, sin w, t).

trong dé ¢y, 1z, Cs1, Coe 12 cc hiing s0 xac dinh tir diéu kién dau. Véi so
liéu da cho tinh dude

w =7,962 s', w, =157382 s,
D, w, = 0,268, D, = 3,732, g_;l' = 7,958, wz. =14.922.

2.3.2 Phuong phap truc tiép

Thi du 2.15 Xac dinh quy luat dao dong ctia cd hé gém hai khéi lugng
chuyén dong khong ma sat trén nén ngang nhu hinh TD2.15. Chom =1
kg, ¢=100 N/m, b =2 Ns/m.

Loi giai. a) Thiét lap phudng trinh vi phdn dao dong

Chon toa dd suy rong cua cd

he 13 (x,, x,), véi x, 1a dich a—’i‘e }ﬁa

chuyén cua khéi tdm vat & so

A
A
T 3 2 . 2 2 b b 2b
vl vi tri cdn bang tinh. Biéu 2%
e " y Al e W ame sl

thic dong ning, thé ning va 7| - & m I

ham hao tan cta co hé la: 7 VVV V 7
OO PO I T

T = %mm'f +md?, Hinh TD 2.15

1 2
11 = Ec:cf +EC(IZ -z,) +Ec:r;,
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¢ = ifu':f +lb(-j;: —3,) + b3,

z
Phuong trinh dao déng cua hé la:
{mjfl +2b%, - bz, +2¢cx, - cz, =0,

2mi, - bz, +3bz, —cx, +2cz, = 0.

m 0 2b -b 2¢ —c]
ME=le sl B Ly wlt Y=, 2cJ‘

Truong hdp nay luc can khéng ¢6 dang Rayleigh. Sit dung phuong phap
truc tiép dé tim dao déng ciia hé.

b) Néu tim nghiém ctia phuong trinh vi phian dao déng duéi dang
x = ze* v8i x = [ x, x,]" dua dén phuong trinh dic trung xac dinh A:

|C+ 4B+ M| = 0.
Rut gon : A* + 104" + 4204% + 16004 + 30000 =0 .
Ap dung hé chuong trinh Maple, tinh dudgc cac gia tri riéng:

A =—1,5025 +9,91244, 1, = -3,497 + 16,918,

va cac vectonéng z, = u, tiv,, 2, = u, *iv,,

u, =[-0,96007 IT v, =[0,1683 OT,

w, =[1,00007 1], v, =[0,1017 0] .
Nghiém téng quat:

xX. =
A (u,c089,91241 - v, sin 9,9124t) + B, (u, sin9,9124t + v, cos 9,9124t)]
p 4 ]:Az (uzcos 16,918t - v, sin 16, 9135) + B, (u,cos16,9181 + v, sin 16,918f)].

A,, B,, A,, B, la céc hang sé dugc xéc dinh ti diéu kién dau.



80 BAI TAP DAO DONG KY THUAT

2.4 Dao ddong cudng biic

Thidu 2.16 Co hé c6 hai khér lugng trugt khéng ma sat trén nen
ngang nhu hinh TD 2.16a. Tai vi tri can bang tinh, cac 16 xo khong bién

dang. . .
N =l Fo

1 G,

VWA m, VW

a) Thiét lap phudng trinh vi
phan dao déng cua cd hé.

b) Cho ¢, = ¢, = 1000 N/cm,
¢c; =0, m;=m,=2 kg. Tinh
cic tan sb riéng w,, w, cua cd Hinh TD 2 164

hé.

c¢) Véi sb liéu ¢ phdn b) va cho F(¢) =F,sinQt, chitng minh rang khi
Q = w, hodc Q = w, thi bién d6 dao déng cudng buc tang lén v6 cung.

d) V& d6 thi dao dong cudng bic véi s6 liéu § phan b) va F,= 400 N.
Loi giai. a) Thiét 1ap phuong trinh vi phin dao déng.

Chon toa do6 suy réng cta cd hé 1a (x,, x,), véi x,, x, 1a dich chuyén ngang
cua cac khoi lugng m,, m, so véi vi tri cdn bang tinh.

Péng nang va thé nang cd hé 1a:
T = %m,:i:,z +—;—m2i‘§,

| 1 1
[1=—caz +§-CE($2 —z,) +Ec_13;f.

2
Phuong trinh vi phan dao dong cia hé c¢6 dang:
mE, + (¢ +¢)z, — ¢z, =0,
m,&, — ¢z, + (¢, +¢,)x, = F ().
b) Tan s6 riéng, dang riéng.
Phuong trinh tdn s6 ¢6 dang |C - &*M| = mm, (3] - @’ )(7; - ®*)-¢;=0,

4 ¢ +c c, +¢ - R , N
trong d6 7 = ——=,y7 = 2—2  Phén tich tam thic bac hai ra thia s6
m T?lz
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ta c6 |C - @’M| = mm, (&' - ] )(0' - »;)=0. trong d6 @,, @, 14 cac tén

sO riéng cua hé. Véi cac sd liéu da cho. tinh duge o, =138,2 rad /s,

w, = 361,8rad /s, ma tran dang riéng V =

1 |
.618 -0,618]
¢) Tinh toan dao ding cudng bic.
Vi F(¢) = F, sinQt, ta tim nghiém cta phuong trinh duéi dang:
z, = A sinQt, z, = A, sin Qt.

Thé vao phuong trinh vi phin dao déng ctia hé, ta tim duge:

A A,

Ar_"—l-‘ = —,
=, =

trong do: A = mm, (Qz ﬂmf)(Qz —cu;), A = 6 & =myf (}ff —Qz).

Nhu vay khi Q = @, hodc Q = @, thi bién dd dao dong cudng bic A, 4,
tang 1én v6 cung.

d) Véi F,= 400 N , ching ta vé d6 thi bién do dao dong cudng bic
A,, A,nhu hinh TD 2.16b.

0.0067
0004 A,

0.002-

0 100
0,002

-0.004 1

-0.006-

Hinh TD 2.16b
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Thi du 2.17 Toa nha hai ting ¢6 mé hinh la hai khéi lugng m, = 2m, =
2m thuc hién dao déng ngang. Cac bitc tudng c6 dé citng udn 1a ¢, = 2¢,=
2¢, khéi lugng bo qua. Xem ring luc cta gié dit vao m, 1a F(¢) = FysinQt.
Xac dinh quy luat dao dong cua cd hé.

Loi giai. a) Thiét lap phuong trinh vi phan dao dong.

Chon toa dd suy réng cua co hé la (x,, F@®)
Xp), VOi x,, X, la dich chuyén ngang cia  x, —_—
cac khéi lugng m,, m, so véi vi tri cin ?j > 7 :
. o ¥ 2
bang thang ding. ) : :
Déng ning va thé nang co hé la: E cs/2 £ ¢,f2
1 : ) X, H .
T=w~2m:ﬁf+-2—mm',_f, ] : m, :
E o2
: c
l'l=l2c:c2+lc(x -z ). p €1/2 e
2 1 3 2 1 [ ]
: .
¢6 dang: Hinh TD 2.17
2mi, +3cx, —cx, = 0,
'm:'.,"2 —cz, +cr = F sin Q.
b) Tan sé riéng, dang riéng
Phuong trinh tin sé IC - anM‘ =0 c6 dang:
3¢ - 2maw’ -
-C c-2mo’ h
w 2 m A 5\
Dit A = w* —, nhan duge phuong trinh:
c
e E A+1=0,
4
Giai dudge cac nghiém 1a A,= 0,5, A,= 2,0.
Tuong tng tinh dudc:
@ =05—, v, =[05 If; w=2=, v,=[-1 1f

! r
m e m
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Ma tran dang riéng:

0,5 -1
V= :
1 |

¢) Phuong trinh vi phan ¢ dang toa dé chinh:
Déi bién x = Vp, ta ¢b

3 0 0,75 0 1
VIMV=m| =~ . | ViCV=c| = I, ViI=| |FsinQt.

Phuong trinh vi phan 6 dang toa do6 chinh:
I,5mp, +0,75.c.p, = F sin Qt,
3:'1'1;'52 + tiu.f:.;kr;v2 = F, sin Q4.

2F
P, +wlp = ?i sin Qt,
hay s

" Fy
Py + @lp, = —=sin Qt.
3m

Nghiém ctua phudng trinh la:
2P 1

p,(¢) = ¢, coswt + ¢, sinw,t + =3 T+ sin Qt,
Im w -Q

F, 1
t) = ¢,, cos w,t + ¢,, sin w,t + ——. ————sin Qt.
pz( ) 21 2 L - 3m &)5 b 52..

Trd vé toa do suy rong ban dau, dao dong cua hé la:

F,  sinQt
z =0, 5((’“ cos@t+c sinw o+ ——
dm w -Q
F  sinQt
~(c, cosa t +c,sin@,t) - —— ——nn
) 3Im w] -0
3 : 2F, sinQt
x, ={c cos@t+c. sinwi)+ C— -
2 1l | 12 1 3”.‘, a}.. . Q._
1
F sinQt

+{c, cosa,t + ¢, sinw,t) +——-
21 2 22 2 2 2
3m o) -Q
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Thi du 2.18 Mb hinh cia mjt romobe chuyén déng trén dudng gé ghé
mo ta trén hinh TD 2.18. Khéi lugng cia romoée 1a m, cua banh xe la
m,l Mémen quén tinh ciia romoée déi vdi truc ndm ngang di qua O bing
Jo, dd ciing clia 16 xc bing ¢, cia 16p xe bdng ¢,, van téc kéo khong d8i va
bang Vo Gia thiét ring diém néi gitia romode va 6td (diém O) chi ¢6 dich
chuyén ngang véi van tdc v,, phuong trinh ctia dang mat dudng la

h = hy(1 - cosgfi), x = vgt. Xem rang ma sat nhét gita thung va banh
xe c6 hé so b.

a) Thiét lap phuong trinh vi phan dao dong cua co hé;

b) Khi b = 0, hay tinh tan s riéng va gia tri téi han cua van téc v,.

Loi giai. a) Thiét lap [ [ !
phuong trinh vi phidn dao vy Ol i
déng- < ] m:

Chon toa do suy rong cua
co hé la (y,, ¢), trong d6 vy,

la dich chuyén ctha khéi 2h,
tam banh xe, ¢ 14 gbc xoay !

cua thung xe so véi trang '
thai binh 6n (xe chay déu )
trén nén ngang phang).

Biéu thiuc cua dong nang,
thé nang va ham hao tan
cua cd hé la:

| S . . 1 ,
Pe= 5 my, +—J,@° + : m (57 + ),

2
1 1 ; N
ﬂ—z(@ y, ) +=c(y, -h), Y1
. ¢, VA

| (P
(D:Eb(ft;ﬂ—yl)z.

Hinh TD 2.18

Thay thé& vao phudng trinh Lagrange loai 2, nhan duge phuong trinh vi
phan dao doéng cta co hé:
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J 0+ bl2g —bly, + cll¢ - cly, =0,
'U“

. : 2
m g = bl +by —clo+(c+¢)y =ch (1~ cos 7 3.

Ruat gon nhan duge phuong trinh:

i ; F. s p::
P +2&p—‘2Ty[ + p‘;{p—T"yl = 0,
< ; ; 5 ; ) 2y
§, — 26,19 + 28,9, - plo+(py, + 3 )y, = pih (1 - cos—=t),
- biz 2 Clj b 2 C 2 c
trong do 26 =J_'Jpn =J_!25i = ;!pm i’ ;1102{\ = ‘; .

] 0 I | 1

b) Trudng hdp khéng can (b = 0), phuong trinh dic trung |C - w:MI =0
c6 dang
2

@ ~(p; + P}, + P)0* +pips, = 0.

Cac tan sb dao déng riéng:

2 2 2 2 2 2\
Py * P P R e N
wl.z — (0 10 20 = \/[ 0 10 Ln} _pupzu )

2 2
2mv 2y
. ~ ud 2 a l = 0 _
Truong hdp cong huong xay ra néu ~ =, hoic =w,.
T Lo Lw,
Do d6 cac van téc gidi han la v, = —va y, = —.
2n © 2n

Thi du 2.19 Dong co dién c6 khéi lugng m gan trén dam cé d6 dai 31
Réto léch tam gay ra luc quan tinh ly tam F, = m,{)°%. Bo qua khéi lugng
diam, cho d6 cling uén cia dam la EI, khoang cach tit khéi tAm déng co
dén dam 1a R = l/4, momen quan tinh cia réto doi véi truc quay la
Jy = mi*4, Q=2 EIl/ml' = const. Tinh tan s6 riéng va bién dé cudng
bic cua hé.

Loi giai. a) Thiét lap phuong trinh vi phan chuyén déng

Pong co chuyén déng song phéng nhung dich chuyén ngang c6 thé bo
qua, do dé chon toa dd suy rong cua hé 1a (y, ¢), trong d6 y la d6 vong
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cua dam & vi tri B, ¢ 1a géc xoay cia dam tai d6 (tinh so véi vi tri can
bang tinh).

St dung phuong phap luc, ¢6 lién
hé

y = ";dli * M:dI.z’ (L)_] ‘2:
(F’:fydzl +ﬂf'fzd22.,, 7 o
trong dé:
f,=F -my, vy
Hinh TD 2,19
M, =FR-J¢,

(F, = FysinQ, F, = F,cosQt 1a hinh chiéu luc quan tinh ly tdm lén phuong
y va phuong x, J = J,+ mR® 1a moémen quan tinh cua roto doéi véi B (G
day chon chiéu duong cia mémen theo chiéu kim déng ho).

3 2

P S B
OFEI 2 I 9FI = 3F
Ching ta nhan dugc hé phuong trinh:

{y = (F, sin Qt — mij)d + (RF, cosQt - J§)d ,,

¢ = (F, sin Qt — mij)d, +(RF, cosQt - Jp)d,,.

Cac hé s6 anh hudng c6 tri s6 d, =

mijd  +J¢d, +y = Fd sinQt + RFd, cosQt,
h 1
Y \miid, +Jéd, + o = Fd, sinQt + REd,, cos Q. o
b) Tan sé riéng
3
Phuong trinh tan s6 lC - wZM[ =0, dit 1 =0’ % , €6 dang:
(l—ilj[l —ii)—ﬂf =10,
9 48 12
Tinh toan ta cé:
3, =2,062 = o, = 1,436 |— A =15715= o, = 3,96 =
ml ml

¢) Dao dong cudng bic dude tim dudi dang:



Chuong 2 DAO DONG TUYEN TINH HE HL’L' HK\.\ JA(., TU DO

87

ny = A sinQt + A cos Qt,

l @ = B, sinQt + B, cos Qt,
thay vao (1) duge hé phuong trinh xac dinh A,. A.. B,, By:
(1 -mQd, )4, - JQ*d,B, = Fd,,
(1 = JQdy,)B, — mQ3d, A = Fyd,,
(1-mQ*d )4, - JQ*d,B, = F,Rd,.

} L, —m Ay = B Rl
(1-JQ,)B, - mQPd, A, = E,Rd,

Giai ra nhan dudc:

o (1= JQdy)d, + JQ, o 104F L
o A T
4, = (1—mQd, )d,, + mQd,d,, R = E) |
“ A 27El
i o A —JPd,))d, + JQd,d,, B 18F 1
P ™ ’
A 227E]
B e (1 - mQ*d,,)d,, + mQ*d}, R - S5ED’ |
A 227EI

trong d6 A = (1 —-mQ’d,,)(1 - JQ*d,,) - mJQ'd},.

Do d6 bién d6 dao dong cudng buc:

El — FI?
JAT + A = 0,465 2— VB + B = 0,318,
EI’ ‘ 5 ' EI

Thi du 2.20 Co hé gébm 3 toa xe nhu nhau chuyén déng trén dudng
nam ngang. Bé qua luc can. D6 clng cac khdp ndi gitia cac toa xe bing
nhau va bang ¢. Toa xe bén trai chiu tac dung cua xung luc véi cudng do
I. Xac dinh chuyén déng ctia cd hé theo thdi gian. Xét trudng hop gitia

cac toa xe c6 luc can nhét véi hé s6 can b.

Loi giai.St dung két qua 6 thi du 2.12. Phuong trinh vi phdn dao dong

co hé:
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m 0 O &, c -¢ 0 I, I6(y)
0 m O de |#| =g 26 e I, | = 0
0 0 m| |Z, 0 -c ¢ I, 0
Xy X, X3

Fl Cc c
—>» m PVYWMH m VWM m

B & B oot
Hinh TD 2.20

» ~ e C C
Cac tan sd riéng o, = 0,0, = /—,w, = [3—,
m - m

Cac dang riéng chuén tuong ung:

v'z_Jal__nI[l 1 1], vz=ﬁ[l 0 -1]T,v3=ﬁ[—1 2 -]

Ma tran dang riéng chuén:

J2 A3 -l

1
v,,:mﬁ 0 21

2 3 -1

V22 2 |[1s@)] [V2

1 I
Vii=—=|v3 0 -J3|| 0 |=|V3|—=46().
1 6 6
" -1 2 -1 0 -1 "

Phudng trinh vi phén & dang toa d6 chudn:
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In +_C.. :L
Yo mp2 J2m
I | 5(2).

.o e
~p_1 ms Jom

p(0)=0,i=1,2,3.

5(t),

Didu kién diu $,(0) =

Giai ra nhan duge:

I
Pl(t)=ﬁ‘f'u(f)1
0 khi t< O,
<p2(t)—v,_sm L u(t), trong dé wu(t)= I Bk &0
. 13
p3(t):-mszn ;Ct-u(t},

Tra lai toa dd suy rong (x;, X,, X3):

[+ g fe gm0
I, = ——~t+—sm t+—sm
T, :[Lt_z_‘rsin\/gzt] u(t),

Im 6m
$3=[—t——sm\/7 +—51n\/:}

Trudng hgp ¢6 can nhét, phuong trinh vi phin dao déng co hé 1a

Mi + Bk +Cx =,

voL:
"m 0 0 b ~b 0 c ¢ 0 15(t)
M=l0 m 0|, B=|-b 26 -b|,C=|-c 2¢ —c|,f=| O
0 0 m 0 b b 0 -¢c ¢ 0
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Truong hgp nay tacéo B = EC +0-M nén st dung phép déi bién x =V, p
c

ta ¢6 phuong trinh vi phan dang chuin:

Diéu kién diu p,(0)=p,(0)=0,i=1,2, 3.

Nghiém ctia hé ¢ dang toa do chudn la:

I
t) = tu(t),
pilt) = —=1ult)
I gy ' =
$p,(t) = ; e e ™ sin(w,\/1 - &, t)- u(t),
VEFRah —th
I -
p.(t) = - e 2™ sin(w,/1 - 8:t)- u(t),
Jomw, |1 - &3
b b
trong d6 26, = —,24, = 3—
m 7 m

Trd lai toa dd suy rong (x,, x,, x,):
1 1 1

T, = + - :
Y J3m P J2m Pe Jom ¥s
-

2 Lm " Jem ke

1 1 |
YU 3m P J2m B~ Jom Fys

Thi du 2.21 Cho mo6 hinh hé hai bac tu do nhu hinh TD 2.21. Luc F\(¢)
tac dung lén khéi lugng m, c6 dang F (t) = Fosin Qt.

€I

a) Thiét lap phuong trinh vi phan dao dong ctia hé.
b) Xac dinh bién d6 dao dong cudng biic binh dn.
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Lgi giai. Chon toa do suy rong
il -~ - . - 4 xl xz
cua co hé la (x,, x,), trong do6 x,,
F\(t)

AN

x, 14 dich chuyén cua cac khoi

-

. A

lugng tinh tir vi tri cdn bang 1 1ﬂ j_g
tinh. Gia thiét rdang & vi tri ciAn AT er| T l c, [/
= - - = A - A = :;
bang tinh cac 16 xo khéng bién —WW—Z
il /////////I?

dang.

Biéu thic déng ning, thé niang Hinh TD 2.21
va ham hao tan cua hé la:

T=lml:i:f +lm,£§,
2 4
| 1 2
I chxl‘+~c23:§ +§cl,(z -z,),
1 2

=§Irb5: +;ba: +2blz( A :i;l) i

Thé cac biéu thite trén vao phuong trinh Lagrange loai 2 nhan dugc
phuong trinh vi phin dao dong cia co hé:

m i, +(b, +b,) -b,3, +(c, +¢,)z,—c,z, = F,sinQt,

m,i, —bu:r] +(b2 +<‘.aw):z:2 <G T, +(c2 +cl:);:;: ={.

Ki hiéu:

2 ‘yz =cl +C|.2 5 ___bl +bl2 é‘ =b: + b]:
¥ 1 o]
m " i m, : 2m, > 2m,

thi cac phudng trinh dao déng trén cé dang:

-

b c F
£ +2854 ——2 ¢ 492r ~ g =OqnQf, (1)
I 11 m] 2 11 m| 2 1!11
b ¢
& -—%i +28,3, ~——Lz +ylz, =0. (2)

e & m

2 2

St dung phuong phap bién d6 phtic dé tim nghiém cta hé (1), (2). Viét

luc dudi dang F,(t) = F, e, tim nghiém dudi dang z, = ..":“Ie'm,.z-"2 = fze“m ;

trong d6 #, #,1a cdc s6 phitc cAn tim. Th& c4c biéu thitc nghiém trén

vao cac phudng trinh (1) va (2) nhan dudc:
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b i F
~ k) - - 2t 2= ) = = i) ~ it ot
~EQe™ + 2 EI0 3y 8" ~—22i0e™ R i e =™, (3)
m m m
1 | 1
’ c
s Q w3 2. i By o s S by i
-2.Q%e"™ 425,5,i00e™ + yzxjeﬂ ~ 4:;-;!'z!.'lep -2 ge™ =0. (4)

mz H?:

Khit ¥ ¢6 hé phuong trinh dai s& tuyén tinh xac dinh 7, &,:

B, B F
(7} - +26004)% 4| 2 -LOQj | =L, (5)
m] ml -m.;
C b . -~ 2 s - -
-2 204 |F +(y; -QF +26,Qi)&, = 0. (6)
m, m,
Giai hai phudng trinh trén nhan duge:
b
fi(yzz - O +26,Qi) i[ci'*iQiJ
= m, = _ m, \ M, m,
' A L A
2 2 & b; 2
A=(yl -7 -Q)-45,6,Q" -—2—+—1_Q

mm,  mm,

+[2(}'f - ) 5,Q+2(7; *Qz]a,n-gfi@—}.

mm,
Nhu thé& bién d6 phic 7 ¢6 dang:

a+ b

c+1d

i

D6 16n cua z, la:
il &t + 5
|$'r N +d*

- \/(a /m) (-] + 45

M

1
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: 2
s Ve : G +__¢"|2_:J 2
b= -0t - @) a0 - e

2
+126,Q(y - @) +25,9(y - ) - Eiﬁ-ﬂz} .

TH] mz

Bing cach tuong tu ta tinh dudc

1i2| i \/(T”;} /mi)z 1:(clz /mz)2 + (blz f’mz)2 Qz} |

M

Thi du 2.22 M6 hinh dao dong ba bac tu do cua hé ban tay - canh tay
con ngudi chiu kich déng diéu hoa F() = F, sinf% duge biéu dién trén
hinh TD 2.22a. Cho m, = 3,47 kg, m, = 1,84 kg, m; = 0,11 kg, b, = 289
kgls, b, = 184 kgls, by = 334 kg/s, ¢, = 0,79.10* N/m, ¢, = 2,35.10* N/m,
¢;=11,1.10° N/m, F, = 650.10* N, Q = 100% 1/s.

a) Xac dinh cic tan s6 dao dong riéng cua co hé.

b) Gia st rang ban diu co hé ¢ trang thai tinh, tinh toan dao déng
trong qua trinh chuyén tiép cua hé.

¢) Tinh toan dao déng binh 6n clia hé. '

Loi giai. Chon toa dd suy rong cua cd % % %b'
hé 1a (y,, ys, ¥a), trong dé y; 1la dich

chuyén thang ding cta khéi lugng m, m
tinp tit vi tri cin bing t?nh, (i = 1+3). yJICE ? b,
Biéu thuc dong niang, thé nidng va ham ([ _ “7

hao tan cua cd hé la:

1 1 1 e
T=—my* +—my? +—m7y’, t

N T e c;? éba

.. & .2 2 ] 2
H:qul +Ecz(yz_yl) +Ecx(y.1'_y2) ’

Lo B L. . ¥
O=_bgi+b, (4, -4,) + b (3 -6)

Hinh TD 2.22a
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Thay thé cac biéu thic trén vao phudng trinh Lagrange loai 2, nhan
dugc phudng trinh vi phan dao dong cua co hé:

My +By+Cy = f,

trong d6:
. @ 0O (bi + bz) —b2 0
M = m, 0|, B=| =b (b +b) -b
0 0 m 0 b, b,
(C| + Cz) ~g 0 0 ]
= =€, (cz + cj) =€, |3 | 0
0 g ¢, F, sin Qt

Dé xac dinh céc tan s6 riéng cua co hé, ching ta giai phudng trinh dac
trung |C -~ w2M| =0, Véi s6 lieu da cho, st dung hé chuong trinh
MATLAB ta nhan dude w,= 37,31 1/s, w,= 140,34 1/s, w,= 1034,48 1/s.

St dung hé chuong trinh MATLAB dé tich phan hé phuong trinh vi
phén chuyén déng ctia co hé vdi s liéu da cho, ching ta nhan duge két
qua biéu dién dao dong cua cd hé trén cac db thi. Hinh TD 2.22b biéu
dién dao dong trong qua trinh chuyén ti€p, con hinh TD 2.22¢ biéu dién
dao déng & trang thai binh on.
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x !0_5

Yq:¥3:¥a (M)

L [ i i
0 002 004 006 008

01 012 014 016 018 02
t{s)

Hinh TD 2.22b

Dao dong trong gua Inanh binh on

Yy ¥a¥q (M)

0.5 0.52 0.54 0.56 0.58 0.6

0.62
is)

Hinh TD 2.22¢
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Thidu 2.23 Cho m6 hinh dao déng cia may rung ba béc tu do nhu
hinh TD 2.23. Trong d6 m, la khdi lugng ban rung va déng co giy rung,
m, 1a khai lugng cta khuén va vat lidu, m, 1a khéi lugng chay ép va xy
lanh.

Luc quan tinh ly tdm sinh ra do dong co léch .

tam 1a Fy(t) = mrQ%in(Qt + @), b, (1=1+4) Ca b,
]a cac hé s6 can, ¢; (¢ = 1 + 4) 14 cac hé sd

cung.

bs el

a) Thiét lap phuong trinh vi phan dao déng
cua hé.

b) Tim biéu thitc nghiém binh &n.

b2 rocra

c¢) Cho céac so liéu m, = 151 kg, m, = 60 kg,
m, = 130 kg, b, = 200 kg/s, b, = 1428 kg/s,
b, = 1428 kgls, b, = 0 kg/s, ¢, = 2,3.10° N/m,

E
E

ms
ms A
n,

c; = 2,265.10" N/m, ¢, = 2,265.10' N/m, 1 5 o
¢, = 2,2.10' N/m, m,r, = 0,06 kg.m. Hay tim = F\()

cac tin s6 riéng, vé do thi dic trung bién d6 -

tan so cua hé. Hinh TD 2.23a

Lai giai. a) Thiét lap phuong trinh vi phan dao dong cua may rung.

Chon céc toa dd suy réng cia hé 1a (g,, ¢, 4). Goc toa dd chon tai diém
can bang tinh caa cac khéi lugng. Cac biéu thic déng ning, thé ning va
ham hao tan cua hé ¢6 dang:

1 ) : ;

T= E(mqu + mzq: + m_!q:) : (1)
1 . z 1 z 1

n=5c1q12+562 (q2_ql) +ECJ (ql_qi) +"2~04q: (2)
l, . 1 " a2 1 ) T I S

(o) =—2-bqu +Ez;2 (4, ~q,) +Eb] (4, -4,) +5b4qf (3)

Cac luc suy rong cua cac luc khong thé 6 dang:
Q, = F(t) = m1Q* sin(Qt +a),
Q, =0, 4)
Q=0
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Thé cac biéu thic (1), (2), (3), (4) vao Largrange loai 2 ta thu dudc hé
phuodng trinh vi phin dao déng cia may rung;

m,qg, +(bl " b:)fh ~0 + (ci " C:)‘J’n - ¢,q, = E(t),
g, —b,g, + (bz + b])q'2 ~bg. ~eq + (z‘: . f.'1)q2 -¢q, =0, (5)
m.':fja - blé: 7 (bl +b-1)¢.1 —Gq, T ("_1 * I['4)'?_1 =0.

Dang ma tran cua (5) ¢6 dang:

Mgq + Bq + Cq = f(¢), (6)
trong do:

m 0 O b +b, -b, 0

M={0 m 0], B=| -b b, +b  -b, |,
0 0 m, 0 b, %D

¢, +¢c, -c 0 q, F(t)

C=| =6, &+ =¢ [ g=|g| f=] @ | (7)
0 -c ¢, +¢ q,

b) Biéu thitc nghiém binh 6n cta phuong trinh vi phan (6) ¢6 dang:
q = u.sin(Qt + a) + v.cos(Q + a) = a(Q).sin(kQU + f), (8)

trong dé cac phan tif ctia véc td a la:

A4Q) = u(@Q)+v(Q) (k=129). 9)

Thay (8) vio (8), ciAn bang hé s6 cua sin(Qt + @) va cos(€Q% + a), nhan
duge hé phuong trinh xac dinh u va v:

C-O°M -QB |[ru] [f
OB C-O'M H o
trong do:

fo = [mQ* 0 0]".

¢) St dung s6 liéu da cho va tinh toan trén hé chuong trinh MATLAB ta
duge cac két qua biéu dién trén hinh TD 2.23b.
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m,,r,= 0,06

| 1
400 600 800 1000 1200
Q(rad/s)

0 200
Dac trung bién dé-tan sé cua co hé

Hinh TD 2.23b

Day 1a d6 thi dic trung bién d6 tan sé cta cac toa dé q,, g, 3. TU hinh
vé ta thdy: khi Q > 600 1/s thi may lam viéc ¢6 hiéu qua nhét. Bién d6

dao dong A, 16n, con bién do A, va A, nho.
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2.5 Bb tat chan déng luc

Thi du 2.24 Dé dap tét dao déng cudng
bitc cha hé dao déng gém khéi lugng m, , FysinQt
14p trén 10 xo c¢é dd cing ¢, chiu luc kich

thich F,sin Qt ngudi ta dung bd tiat chan Yi
déng luc. Bo tit chdn dong luc la hé phu
gom c6 khéi lugng m, néi véi hé chinh
qua 106 xo ¢6 do cing c,. Tinh toan cac gia
tri m,, ¢, sao cho dao dong cudng biic cua
khéi lugng m, khéng vugt qua gidl han
cho phép [a,].

Loi giai. Chon toa dé suy rong (y,, y,) la
cac dich chuye’r_l cua k}101 tam cua cac Hinh TD 2 24
khéi ludng so vdi vi tri cdn bang tinh.

Phudng trinh dao dong ctia co hé Mk + Cx = f, trong d6:

m, 0 ¢ t¢, -6 };:I
M—O mz,C— -, Cz,f:O

Tim dao déng cudng buc cua hé ¢ dang x = asinQ¢, trong d6 a = [a; a,)"
xac dinh tit phuong trinh (C - Q*M)a =f .

sin 0t .

Gia su tan so riéng cua cd hé 1a w,, w,.

Truong hop Q # o, ,Q # o, (khong cong hudng), ching ta cé:
F (c, - mQ?%) e

a = , @
! A . A

trong dé: A = (¢, + ¢, - m,Q%(c, - moQ?) - &> = m,m, (¥ - 1% (Q* - ).

2 2 , C wie 2 2 ¢
Nhu viy dé a, = 0 cAn c6 -2 = Q*. Ngoai ra, dé cho a, < [a,], cAn c6

m2
¢, Fy < QzE;
s Sl ey e @ e < [
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Thi du 2.25 Cho hé dao dong xodn gom hai dia lap trén truc dan héi,
bo qua khéi lugng cta truc. Mé men quan tinh déi véi truc quay cua céc
dia 1a J,, J,. Dia 2 chiu tac dung ngau ldc ¢6 mémen 1a M(t) = M,sin2Qt.
D9 ciing cua truc 1a e, O ch& 4% binh én dia 1 quay vdi véan toe géc Q.
X4c dinh cac tham s8 m va ¢, cta bd tit chdn dong lye kiéu con trugt sao
cho dao dong xoéan cua dia 2 triét tiéu.

o,
J,
e M(t) o
[ ——d 1
rrrd c 7
D
2]
Hinh TD 2.25

Loi giai. Ky hiéu ¢,, ¢, 1a cac géc quay cua dia 1 va dia 2. Khi dia 2
quay ¢ van toc gée Q,, khoang cach tit tim truc dén trong tdm cac con
truot 1a l,, d6 dan cua cac 16 xo 1a x,. Chon toa d6 suy roéng cua hé la (g,
x), trong d6 g 1a géc xodn cua truc, x 1a bién dang cia cac 1o xo so vdi
trang thai binh 6n. Tacoé ¢, =Qt, &=, +q=Qt +q.

Dong ning va thé ning cua hé c6 dang:

]. - 1 <2 l 2
T==Jo +—J,0; +2.—mv*
g "+ g el 2

:%J,Q;’; +%J2 (Q, + r}): + m[(tn + 'r) (9, + zj:)2 +$‘1],

(1)

-

1, 2(‘.“('1:”+I)h

[MT=—=cqg +—— 2
> > (2)

Ap dung phuong trinh Lagrange loai 2 nhan duge phuong trinh vi phan
dao dong cua hé:

I +om(l, +2) G am (L, +2)(Q, +0)d +ca=M,sm20t, (3)
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2mi - 2m (L, + x)(Q} + ¢° +2Q.q) + 2¢, (4, + 1) =0 . (4)

Chu ¥ rang cex, = ml,,? va bo qua cac sd hang phi tuyén nhan duge:

4dm (3“ + .'r“) Q“ ¢ M
G+ £+ g = “—— sin 200, (5)
J, +2mi2 J, +2ml? J, +2ml?
. . A
) -2Q 0.9 - {—'— - “]..L =0 (6)
m

Do dang cla céc phudng trinh vi phén (5) va (6) ta c6 thé tim nghiém
binh 6n nhu sau:

q =A,sinf¥, x =A,cos2(% (7)
T diéu kién A,=0 ta suy ra diéu kién dap tat dao dong ctia dia 2

c C
0 Ql oo 2 o S 2 2 =

Q) =40 = R 47 + Q. Khér lugng moéta
m m m, y

Thi du 2.26 DéE giam rung dong lén j;l

ngudi di xe c6 thé sit dung bd tit chan
dong luc. Dé khéng lam tang khéi

lugng cua xe ngudli ta su dung khoi " Khéi lugng xe
lugng motd dé lam khéi lugng bo tat .
chin cua xe. St dung mé hinh dao & b |72

) 7.

dong mot bac tu do cua 6td nhu hinh
vé, cho biét dd nhap nhé mat duong la
y(t)= e cosQt. Hay xac dinh khéi lugng o
mo6td va do cing 16 xo néi ghép.

Loi gidi. Chon toa do suy rong Hinh bdi 2.26

cua cd hé la (y,, y,), trong dd y,, ¥,

1a dich chuyén cta khoi lugng méto va khoi lugng xe so véi chuyén dong
khong dao déng cua xe trén dudng thing ngang.

Phuong trinh vi phédn dao déng cua co hé la:
My + By + Cy = h(t), (1)

trong do:

m, 0 0 0 ¢, ~C 0
LS 0 m, p 0 b, ‘Cz[—cl cl+c2]’ e czyﬂ(t)+bzg}“(t) i
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Do ¥.(t) = ecosQt, nén biéu dién phic cia ham h(t):

h(t) =~ ; T b :
"9 ¢, +10,Q 2|c, —0,Q

" (2)

Vi hé s caa e** va e™1a hai s6 phic lién hop nén chiing ta xét phuong
trinh:

0
it i _E i =- jiel]
MY+By+Cy_2[cz+ibEQ‘j|8 fe™, (3)
Tim nghiém phuong trinh (3) duéi dang:
y=ye. (4)
Thé (4) vao (3) va rit gon € nhan dugc:
(-°M +iQB +C)§ =, (5)
trong do:
¢= mlﬂz' =
-O'M +iQB +C = 5 (6)
-, e +e, — mzﬂ + zbzﬂ
Cac s8 phic 7,7, 1a nghiém cta phuong trinh (5):
A A
Y s _1 1 I-q e _21 7
y] .{1 y. 1}‘ ( )
trong do:
i, < mIQZ 0
A = det(-Q’M +iQB + C) = 3 :
~E, ¢, +¢, —mQ" +1bQ
0 ~C,
N o= , 8
: %(c2 + z'bzﬂ) ¢+ —mEQ’ +1b,Q ®
g~ lez 0
A= .
: 0 -;(c2 + ibzﬂ)
Tinh toan cu thé nhan dudc:
_eq (c2 & ibQQZ) ) c(cl - 771}'.‘!"’)(::2 +1b,Q) ©
yl B 2A 1 yl = 2.‘:3 .
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T (9) suy ra diéu kién dé dap tét dao dong y, la ¢, - m,Q* =0, suy ra:

() ==L, (10)

Thi du 2.27 Déi v6i hé quay thi du nhu dong co 6t6, mdmen kich dong
ti 1& véi van tdc goc Q. Vi Q thay déi trong ving rong, nén dé tan sé
riéng bd tét chan ti 1& véi Q, ngudi ta thuong dung bo tat chin dong luc
con lac ly tam .

Xét hé dao dong xoin gdém hai dia ¢6 mémen quan tinh véi truc quay 1a
J,, J,. Dia 1 quay déu véi van toc goc Q, = const. Dia 2 chiu tac dung cua
ngau luc kich ddng M(t) = M,sinQgt. Do ciling cua truc 12 c.

B tét chan dong luc la con lac toan hoc khéi lugng m chiéu dai [ gin véi
vanh dia tai diém O’. Xac dinh cac tham s6 khéi lugng m va chiéu dai [
dé dap tit dao déng cudng bic cha dia 2.

. c M) 222
" o - ——rT E -
777 =77
Qt @ R

11

Loi giai. Chon toa d6 suy rong cta cd hé 1a (g, ), trong dé g 1a goc xoéan
cua true (@, = Qut + q), 613 goc quay tudng doi cia con lic déi véi dia 2.
Ddng nang cua co hé ¢6 dang:

Hinh 1D 2.27

1 1 42 1
T=5JJQ§+EJ2 (2, +4) +~2—mv2,

trong dé:

o' = R} + ' (¢, +6) +2RIg, (¢, +0)cos0

= R*(Q, +q)" + 1 (Q, +q+8) +2RI(Q, +4)(Q + 4 +0)cos0.
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1 | A2
T =EJIQ§ +-2-J2 (Q, +4) +

+%m[R2 (@ +d) +0 (@, +d+0) +2R1(Q, +d)(®, ++0)cos0 |
Bd qua trong luc, thé nang co hé 1a:
2

1
I1 =—cqg".
2 q

Thay thé vao phuong trinh Lagrange loai 2, b qua cic s& hang phi
tuyén déi vdi ¢, ¢, @, ¢, nhan dude phuong trinh vi phan chuyén déng

cua cd hé:
[, +m(R+1)" |G +ml(R+1)6 +cqg=M,sinQt (1)
ml(R +1)§ + ml*6 + mRIQ'E =0 (2)

Tit cac phuong trinh (1) va (2) ta cé thé tim nghiém riéng ctia hé dudi
dang:

qg = A,;sing¥, 6=A,cos{X (3)

Thé (3) vao (1) va (2) ta suy ra cac phddpg trinh xac dinh A, va A,. Tu
diéu kién A,= 0 ta suy ra diéu kién dap tat dao dong cudng bic cua dia 2

wmzﬁq.

Thi du 2.28 B tit chin ddong luc c6 ma sat nhét biéu dién nhu hinh
TD 2.27. Banh da c6 mémen quan tinh déi véi truc quay 1a JJ. Truc c¢6 do
cling xo4n 1a ¢. By tat chan la khéi lugng quay ¢6 mémen quan tinh J,,
c6 thé quay quanh cung truc cia banh da 3 trong héc d8 day chat 16ng
nhét. Hé s6 luc can nhét 14 b. Giad su banh da chiu tac dung cia mémen
kich déng M,sinQ¢. Hay tinh cac thong s6 ctia bo tit chan dé lam gidm
dao déng cudng bic cua banh da.

LS I J

_._ﬁ._-_._._-_._._._.. 55 PRI

AR
~

X

Hinh TD 2.28
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Loi giai. Chon toa dé suy rong la (6, ¢), trong d6 ¢ 1a goc quay cta banh
da, ¢ 1a géc quay cua bd tit chan. Phuong trinh vi phan chuyén dong
cua hé co dang:

{m +60 - b + c0 = M(t),

& i (1)
J o —b0 +b¢ =1

Stt dung phuong phap bién d6 phitc dé tim nghiém cia hé phuong trinh

vi phan dao dong. Gia st nghiém phai tim c6 dang @ = 8™, @ = @™,
trong d6 6, ¢ la bién d6 phuic.

Dat M (t) = M,e*™, thay thé cac biéu thic vao (1) ta c6 hé phudng trinh
dé xac dinh cac dai lugng phitc 0, @:

e )ilip-ittp .

J d o
bQ bQ2 @
—i—0 +[—n’ +i~—-—};§=0.
i d
Giai hé (2) nhan duge:
0 Q'J, - ibQ 3
M, [ +Q,(c-JQ")]+ibQ[ @, -(c-JX)]
- C J, b - P = - - a+ z-b ~
Dat w; =7,p = 7*,5“ =2Jw,, ¢ =a. Chui y ring néu § = i thi
. a® +b° & i
moédun cua g la [7] = e ta c6 phuong trinh déi véi bién dé:
¢’ +
6] _ | 1w (Q/,) +45° @)
= — % i
|M, \(,uz (Q/a,) (1-° f'a)j)z + 4;"[;1((2/&)[,)2 -(1-@* /wff)]

Day la ham cua 3 tham sé & u, (V).
Néu ¢ =0 (b = 0) thi hé tré thanh mot bac tu do khéng can vdi tan s6
cong hudng @, = \Jc/J . Néu {'= o (b = ) thi hé trd thainh mdt bac tu do

khong can véi tan s cong hudngla w, = Jc/(J +J,).
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2 i ~ s a ’ i s 2 2 3 ™ = - I
bé chon thong s6 t61 uu cho bd tat chan. ngudi ta vé do thi cua !:-e‘) /M
theo sy bién dol caa Q/m  véi cac gia tri khiac nhau cua & (xem [1)).
Nhan xét ring eac dudng cong nay déu di qua mot diem ¢ dinh P. Chon
- = 0. J= o, roi cho gia tri vé phai (4) bang nhau tai d6. ngoai ra diéu
kién t61 uu cho giam chan la d6 dée cua ti€p tuvén tai P bang 0. T cac
diéu kién nay ching ta tim dude gia tri téi vu £

2

o ! o |
202 ) o, \]2 +u

Khi d6 & ::ELL(ﬁ;iEJ.

(H)

s
¢ J7.

2.6 Dao dong udn cua réto

Thi du 2.29 Dia dong chat khéi lugng m duge gan trén truc c6 khéi
lugng khong dang ké. dai 2L, dd cing udn la EI. Truc quay véi van tic
goe € khong doi. Trong tam O, cua dia cach truc mét doan biang e. Khao
sat chuvén déng binh on cua co hé. Thiét lap phuong trinh vi phan dao
déng cua co hé quanh trang thai binh én.

Loi giai. Gia st 6 ché dé binh 6n cua co hé dia va truc quay déu xung
quanh truc thang ding z, dia ¢6 vi tri nhu hinh TD 2.28b.

Nz _
ﬂ+E
Al
¥ =0 & | -
M
Yo y 0, Qt
3 e
P A Y. -
O
3 F(Hi
’:l
h N
O, Xy
a) b)

Hinh TD 2.29
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Vi dia chuyén déng song phang, xét trong hé O,x,y, ¢6 dinh ta cé:

-

l; —_ 4
m?’l = r.‘u. d

#f=7%+¢, F =-c ,véic=6EIL’

H dh D ?
Nén suy ra hé phudng trinh vi phan:
mi, + ¢z, = cecos i,
my, + cy, = cesin QL.

Dao ddng cudng biic binh én:

2
€,

r, = —5———cos Qt,
@, — S
2
ew .
y, = ———sinQt.
@5 — £ Hinh TD2.29¢
c w!
trong d6: 0w, = —. Do d6: r = ———e.
m w; —Q
%1 = L} -~ - - ~ o~ - Pops - C
Khi Q = @, thi O di xa v tan, nén van téc géc gidéi han la @, = —.
m

Vi Q<w, thi 0,0=r-e, Q>w, thi0,0=r-e, Q- « thi 0,0 - 0.

Khao sat dao dong xung quanh trang thai binh én.

Chon hé truc Oyxy quay cung véi dia (hé dong). Vi tri cta dia dude xéc
dinh béi vi tri khoi tam O, va géc quay ¢ nhu hinh TD 2.29d.

Déng ning, thé niang co hé:

1 1
T=-mi +=J, (Q+9).
5 oy Ty Yo, ( w)
Vo, = V:J, + v:), ) 0, g
2 : 2 ; 2 7 " ”
Yo, :(Il"nyl) +(yL+Q'T'|) . 2 % 6)-

Hinh TD 2.29d
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-

[l = %crz = %c[(l‘l — € COS m)2 + (;,arr — ¢ sin go) :

Thay thé vao phuong trinh Lagrange loai 2 ta ¢6 hé phuong trinh:
m (;E, - Qy,) - mQ(y, + Qx, ) +C (:1‘l —ccosp) = 0.
m(y, + Qa,) + mQ(z, - Qy,) + ¢ (y, —esing) = 0. (1)
Jo@ + c(z, — ccos z;a) esing —c (y] — esin q&)c cos@ = 0.
Xét dao déng bé xung quanh trang thai binh én nén:
¢ ol B : = , »
r=2 +& Yy =1 sng =@ cosp = |
Luu y ring & trang thai binh én O’, O, O, thing hang, va:
?H.inlf:} = c(a::‘ - e) ;

Bié&n d6i (1) vé dang phuong trinh vi phan dao d6ng tudng déi sau:

E+ (0] -Q7)E-2QE =0,
i+ (@) - Q) n-2Qn - wlep =0, (2)
¢+ozp-wm =0,

’ ¢ ce
trong d6: @] = —, @} = —.
m d

01

Chu ¥ rang hé (2) ding cho ca hai trudng hop Q < w. va Q > w.
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Bai tap Chuong 2

2.1 Thanh lap phuong trinh dao dong

Phuong phap su dung phuong trinh Lagrange loai 2
2.1.1 Thiét lap phuong trinh vi phan cua cd hé dao dong xoan cua hé
hat dia. Chon toa dd suy rong la goe quay ¢,. ¢, cua cae dia.

Dap sa: J§ + o

(30, ~20,) = 0

I¢

205, + —(-2p, +20,) =0 5 s
% f - s ,::
2 Z o -
N 2. b ¢ =il
i : "“vr'e \_/\/wv"'\-.._

o LGl [ LGH2
% / E: f/ -

i —

J

Hinh BT 2.1.1 Hinh BT 2.1.2

2.1.2 (Cho md hinh dao dong ¢ hinh BT 2.1.2. Vat nang khai tam A.
khoi luong my ¢6 thé trugt khong ma sat trén nén ngang. Thanh AB
dong chat khoh lugng m.. chiéu dai [ gan ban 1é vii vat ning tai A. Su
dung phudng trinh Lagrange load hai. thiét 1ap phuong trinh vi phan
dao dong cua cd hé. Truong hdgp dao dong bé. dua phuong trinh vi phan
v dang tuvén tinh.

Deap s Phudng trinh vi phian dao dong:
(10, 4, )i+ Y md@eosg =3 lg” sing + hi+ e = F(1).
L licos g+ m,Pg+ L myglsing = 0.

Phudng trinh vi phan dao dong bé:

(11, £ ) ¥+ 2 dg + b+ e = F (1),

T s L+ gl = 0.
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2.1.3 Cho AB la thanh dong chat khéi lugng m. Thiét lap phuong trinh
vi phan dao dong cua cd hé, chon toa do suy réng 1a (@, y,, y,)-

Dap sé:

¥ 5 10 , 1 2
—ml*p +—clp+—=cly, —=cly, =0,
9 @ 9 Q@ 0 Y, 3 Ys

miy, + é—cltp + ¢y, = 0,
. 2
ami, - Zalg by, = -F(t).
“r u3 /3 U~
cé c% s
A il B 'ﬂ
G T e s

m 2m
I)’l _T_)":a
e o

Hinh BT 2.1.3 Hinh BT 2.1.4

2.1.4 Mau thi thiét dién cAnh may bay c6 mémen quan tinh déi véi C
12 J. MAu tht dudc treo bing 1o xo thdng dé cing ¢ va gitt bang 16 xo
xodn d6 cing k. Thiét lap phuong trinh vi phan dao dong bé ctha hé
trong mét phﬁng thing ding, chon toa do suy rong la (y, ¢).

miy -me@+cy =0,

Padp 56"
{—mc@j - (J + mcz)iﬁ» + ko =0.

2.1.5 Ngéi nha hai tdng dudc mé hinh thanh ba khéi dit trén nén dan
héi. Coi ring nén méng nha dude gin vdi cac 160 xo thang cé dé cing c,
va 10 xo xo0dn cé do cing k. Do ciing cla tudng 1a ¢,, ¢,, chidu cao cla
ching 1a h. Gia st c6 dong dat 1am méng rung dong ngang u(t). Thiét
lap phuong trinh vi phin dao déng bé ctia co hé, chon toa dd suy rong 1a
{x, @, x;, x5).
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Hudng dan: Chon x,, x, 14 cac dich chuyén ngang
tuong doi cia khéi tAm caa cac khéi m,, m, so
vdéi hé dong 1a khéi m, (méng + nén tang 1); x 1a
dich chuyén ngang ctua khéi m, so vdi dat, ¢ la
dich chuyén quay cua khéi m, Chon moéc 1a vi
tri cAn bang tinh.

Dap sé- fﬁ 1i
. ’ u(t)
(mo +m, +m,)Z +(m, +2m,)h
+m,E, +m,E, + ¢z = —(m, + m, +m,)i, HINh BT 21,9

¥

(m, +2my) hi +(J, +J, +J, + mB* +4m,h*)§

+ m,hii, + 2myhi, + k¢ = - (m, +2m, ) hii,

m, % + mh@ + mi, + (¢ +¢,) 1, + 6,2, = -myi,

aw

m,& + 2m,h@ + m,%, — ¢,z + ¢, = —-m, .

Phuong phdp luc

2.1.6 Thiét lap phuong trinh vi phan dao dong cua co hé cé6 ba khoi
lugng m gin trén dim tua don gian. DAm c6 médun dan héi E, mémen
quan tinh cta thiét dién ngang 1a I. Bé qua khéi Iugng dam.

Pdp s6: Ma trin dd mém

3 1L 7 m m m  EI

256 768 768 oL
3
p - |4 1 1up 17T

EI| 768 48 768

b Y2 Ya
7 11 3 14 | 14 | 1/4 | 1/4
| 768 T68 256 ]

Hinh BT 2.1.6
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2.1.7 Thiet lap phudng trinh vi phan dao dong caa ¢o hé 6 hai khn
luong m nhu nhau gan tren dam ngam hai dau. Dam ¢é modun dan ho
E. momen quan tinh cua thiét dién ngang la I. Bo qua khé ludgng cun
dam.

i 16117

; i
|
AET| 116
[ = |

Ddp 56" Ma tran dé mém D = — :
4.

rd

A / El .H:?? m ¥ P
- () () ¢ 7]
z ¥ 3 ;4
| o Y
|13 {_H:% . 113 )
i
Hinh 8T 2.1.7

Hinh BT 2.1.8

2.1.8 Thiét lap phuong trinh vi phin dao dong cua c¢d hé ¢6 3 khoi
lugne m nhu nhau gin trén dam congxon, Dam ¢ mddun dan hoi K.
momen quan tinh caa thiet dién ngang 1a 1. Bo qua khot luong caa dam,

Dap s6: Ma tran dd mém

(1 25 4]
I y |
= =125 & 4
8111 |
4 14 27|
| J
2.2 Dao dong tu do khong can ¥, .
’f - r 4
2.2.1 Tau dién ¢6 hai toa no1 vai nhau m AN m
bang khdp noi co dé cting bang 2.8.10" '

: <. : o (OO
N/m. mo toa eé6 khoi luong 2.2.10" ke, »7 //O// PIITIIT T
Xace dinh cae tan s6 riéng cua hé.

B Hinh BT 2.2.1

Dap s6: @, = 0. @, = |=— =15.95 rad/s.

m

2.2.2 Hé dao dong xoan bao gém true 6 do cling ¢,. moay d ¢6 ban kinh
r vt momen quan tinh J,. bon 16 xo 14 ¢6 do cting m6i 10 xo 1a ¢, va banh
da bén ngoai ¢6 ban kinh R. momen quan tinh J,. Thiét lap phuong
trinh vi phan chuyén dong xoan cua hé. Chi ra rang phuong trinh tan <6
cO dang:
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I 22

J. .

@’ —[mfi +twl + 2ol |0 +elel =0,

b 4
1

trong do:
¢ c
g . % o8 . S
@, = sl = N
I o A
R i
& =4, XS
R-r
Dap so:

4,9, +(c, +C‘;)(P| —C;Lpz =0,

Hinh BT 2.2.2

J,0, = C;(‘pl w C;(Pz =4

2.2.3 Cd hé gbm 3 dia gén trén truc
nhu hinh BT 2.2.3. M6 men quan @ ©y o
tinh caa cac dia déi véi truc quay la
J,, o, J5. D6 cling xoén cla cac doan c. c, ¢, w
truc 1a ¢, co, ¢;. Bo qua khéi lugng W/l'
cua truc. %

RN

a) Thiét lap phuong trinh vi phén Jy s J,
dao déng cia hé.

b) Cho = 2,0.10® kgm?, J, = 3,0.10°
kgm?®, J,= 4,0.10° kgm® c¢,= 12.10°
Nm, ¢, = 24.10° N, ¢, = 36.10° Nm. Tinh céc tan sé riéng cta hé.

Hinh BT 2.2.3

¢) Xac dinh cac dang dao dong riéng, ma tran dang riéng cua hé.

Dap so6:
Jp, + @, -cp, =0,
a) L@, — o, + (¢, + &)@ — @, =0,
J.@, -0, +(c; +¢,)0, = 0.
b) B =145 @, =3L05¢" m, =46,15"
1 1 |
c) V=10,649 -0,607 -2,540].

0,302 -0,679 2,438
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2.2.4 Thiét lap phuong trinh vi phan dao déng cua cac hé dao dong
xoan trén hinh BT 2.2.4 va tinh cic tan s6 riéng cua hé. Bo qua khai
lugng cac truc va cac banh rang. Cho d6 cing cac doan truc va sé rang z,

cua cac hanh ring.

Ddp so:
a) b
.‘““”—l— - — 0 =0, w,= gf;
77777 17777
L 2.J
b) F
A 2c C E 7777 e c o i EE
5 7 I TR
2J —
c) J :
] 2¢
c c
z 7 m1=0,8\j§, w,=l,97F
! = J N |
T2J
d)
J
4 ¢ | wue g
g o Z c c
i = 77 ml=0,789‘j}_w, w2=1,174\/;
cuy |-
2z = n=2z.z,=2
[ 122

Hinh BT2.2.4
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2.2.5 M6 hinh xe 6 td 1a hé
dao dong c6 hai bac tu do
biéu dién trén hinh BT 2.2.5.
Thin xe (khung va vo) co
khéi lugng m, khoang cach
ti khoi tAm cua né dén truc
trude va sau la [, l,, mOmen
quan tinh déi véi truc di qua
khéi tam 1a J. Bo qua khéi
lugng va d¢ dan héi cua cac
banh xe.

a) Thiét lap phuong trinh
dao dong bé cua co hé trong
mit phiang thang ding.

b) Trudng hgp nao thi cac

tan sé dao dong riéng cua hé Hinh BT 2.2.5

bing nhau ?

c¢) Cho e, = 2000 N/cm, ¢, = 2000 N/em, £, = 100 em, [, = 150 cm,
m = 1500 kg, J = 300 kgm®. Tinh cac tan s dao dong riéng.

Dap s6:

a)

mij+ (¢, +&)y+ (¢l —eL)e =0,
Jo + (¢l = b))y + (¢ lF + .5 )p = 0.

b) @, = @, néu p* =11, véi pla ban kinh quan tinh cia than xe d6i véi

1'2?

truc nam ngang di qua khé tam C.
c) o =165 1/s, o,=50 1/s

2.2.6 M5 hinh 6td 12 hé dao dong bén bac tu do duge biéu dién trén
hinh BT 2.2.6.

a) Thiét lap phuong trinh vi phan dao ddong bé cua co hé, chon (y,, y,, ¥a,
y.) lam toa do suy rong.

b) Choa=3m,b=1m,¢,=c,=4.10° N/m, ¢;=¢, = 10° N/m, M = 200 kg,
m = 30 kg, J = 200 kgm?. Tinh cac tan s6 riéng.
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nl, 4 MO giéy

— m m ~

o J
777
§ Cy Ci %

i

N RN
Rt R L R
L A S ety
T I N AN N R

e A,
R

Hinh BT 2.2.6

Pdp s6: a) Phuong trinh vi phan chuyén déng

(] + MV -J + Mab 0
—_— i, ———— i, + ey, — Yy, =0,
(0 + b7 /s (0 +b) I3 19 1Y

~J + Aab _ " FJ+ Ma® . £ 0
! 2 f. C'"! 3 f.'-,‘f = ;]
(11 + hjz 4 (a + b) /2 22 s

Mijy =gyl +4e Hes i =0,

", =i +e, +e,)y, =0
b) @,=23.0 1/s, w, =442 1/s. w, = 138,5 1/s, w,= 188.8 1/s.

2.2.7 Hé gom ba khéi luong m nhu nhau gan trén dam tua don gian.
Dam c6 do ciing chdng uén la EI. Bé qua khéi lugng clia dam.

a) Thiét lap phuong trinh vi phan cua co hé.
b) Tinh cac tan s6 dao déng riéng.

Dap s6:

ET
@ = ld—
125 39 17 [;’jl - 5
I i} El
a) = (39 81 39§ [+]y, |=0. b)) @, =22.04|—.
38881 . . I
17 39 2509, | | =

@, =36, |—.
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m m m LRI L2 | L/2
'—( / f?-—, !

> e =S T T
B J L3 | Ll e '
c

Hinh BT 2.2.7 Hinh BT 2.2.8 ysI

my
2.2.8 Dam cong xén mang ba khéi lugng nhu hinh BT 2.2.8. Dam c6 d6
ciing chéng uon la EI, 1oxo ¢6 do cing la c. Bo qua khéi lugng caa dam.
a) Thiét lap phuong trinh vi phan cta cd hé.

b) Xac dinh cac tan sd dao déng riéng cua cd hé, néu L = 2 m,
E =200.10° N/m?, I = 1,5.10° m*, ¢ = 4.10° N/m, m, = 60 kg, m,= 80 kg,
m, = 40 kg.

Dap so:
a) Ma tran do mém
2 5 5
D)= & 5 16 16
48EI
5 16 48}':"{ + 16
L cL J

b) w, = 77,64 1/s, w,= 147,30 1/s,
w,= 858,66 1/s.

Hinh BT 2.2.9

2.2.9 Mot con lic kép gébm hai khéi thanh tru ddng chat, tiét dién
khéng déi (hinh BT 2.2.9}. Cho 11 = 20 em, [, = 25 em, dién tich cac méat
cit ngang A, = 2 cm?, A, = 1 cm?, khéi lugng riéng p = 7,85.10° kg/em®.
Coi dao dong la nho. Tinh cac tan s6 dao dong riéng va cac dang dao
déng riéng cua hé.

Dap sé:

1 i
- 5,8528, @, =13,917. Vs
= @ 1, 6706 —1,7239]
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é :
—>
C

2.2.10 bDia déng chat khéi lugng m. ban
kinh » lan khong trugt trén mait phang ngang.
Tam OA gan ban 18 véi dia tai O. Co hé chuyén
dong trong mat phang thang ding. Tam OA ¢6 ﬁ
khoi lugng 1a m,. moémen quan tinh dé1 véi

khoi tam ClaJ. OC=1L.

a) Thiét 1ap phuong trinh vi phan dao déng bé
cua co hé. @

b) Xac dinh tan s dao dong riéng cua hé.

Chom=2kg.m;,=1ke L=04m. J=ml%2,
¢ = 1000 N/m.

Hinh BT 2.2.10

Dap so:

a) Phuong trinh vi phan chuyén dong:

3 ” "
[;m+ml ro+m Lo +cer = 0,

my L+ (J+n.'le)g'a' +m, gLy = 0.

b) Tan sd riéng o, = 4.02 1/s; @, = 17,42 1/s.

2.2.11 M6 hinh may dét dap nhu hinh BT
2 2.11. Khéi lugng m,, va cham déo véi van toc v, . pamERR
viio khor lugng m,, lam co hé hai khéi lugng m, xi J: |
(=m,,+ m,,) va m, dao dong.

B

a) Xac dinh cac tan sO riéng va ma tran dang
riéng cua co hé.

b) Cho m,,= m/10, m,,= 9m/10, m,= 4m/3, ¢, = ¢,
¢, = 3¢/5. Tim quy luat dao déng cua hé. Cac khoi 5 2 m. E
lugng c6 dao dong tudn hoan hay khéng?

Pdp 56 Gp

Iz

o = 0.4777. <. : 1 .
oy [ } , Hinh BT 2.2.11

a)
w, = 1_4042\/3_ 0.7718 -0,9718
(
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£, () = v, |~ (0,1167 sin e, + 0,03152 sir. 1),
m
b) .
z, () = v, |— (0,09 sin @, t - 0,0300 sin w,1).
m

Cac khéi lugng m, va m, dao déng khéng tuan hoan.

2.3 Dao dong tu do ¢6 can

2.3.1 Mé hinh dao déng cd hé hai
bac tu do nhu hinh BT 2.3.1.

a) Thiét lap phuong trinh vi phan
dao ddng cua cd hé.

2b
_—E["'—_‘ m __333—_ 2m

-

T TTT T T T I T I T T I T T T TP F Iy iy

B R
o=

R

b) Tinh tan s6 riéng, ma tran dang Hinh BT 2,3.1

riéng cua hé.

c) Hay tim quy luat chuyén dong cua cd hé bang phuong phap ma tran
dang riéng. Cho m = 36 kg, ¢ = 1,3.10> N/m, véi gia tri nao cua b thi co
hé dao dong tat dan ?

Dadp s6: a) Phuong trinh vi phan dao déng cua co hé:
mi, +3bz —2bz, + 3cz, - 2cz, =0, b
; i B=-C+0M.

2mi, - Zb:irl + 2!:9';2 -2cz, +2cz, = 0. c

b) @, =0,5[76JE, @y, = 1,932\/E. V=
m m

¢) Phuong trinh vi phin dao dong cua cd hé dudi dang toa dd chinh:

iiljl + ZDImI(}ﬁ'I i mi“()pl = 0’
. . 2 .
P, + ZDzwznpz ¥ @,.p, = 0.

1 1
1,366 0,366 |

Diéu kién dao ddng tit dan: D <1,D, <1,hay b<600,1132Ns /m.
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2.3.2 M6 hinh dao dong co hé
hai bac tu do nhu hinh BT
2.3.2. Hay tim quy luat chuyén
déng ctia cd hé bang phuong
phap truc tiép. Chom =1 kg, ¢
=100 N/m, b = 2 Ns/m. 7777777 77777777777 7777777777777 777 777777 77777777

P 56" Hinh BT 2.3.2

HARARNOVRRAY,

z
A
-
L~
A
7
v
V4

Phuong trinh vi phin dao dong
{mi‘, + 3bg, - 2b3, + 2cz, - ez, = 0,

2mi, - 2bi, + 4bi, - cx, + 2cz, = 0.

Tim nghiém & dang x = ze" , phudng trinh dic trung:
24 +204° + 63247 +20004 + 30000 =0
A, =-1,057 £ 7,907,
A, =-3,943 + 14,837..
Véctd riéng Ung v1 4, : 2z, =u,_ tiv ,
u, =[0,74 1J, v, =[0,067 Of,
u, =[1 0,38, v, =[0 0,064].
Nghiém téng quat:
x=¢""" [A,(u, cos 7,907 t - v, sin 7,907 t) + B, (u, sin 7,907 £ + v, cos 7,907 :)] +

3,940

+e [A, (u, cos 14,837t - v, sin 14,837t) + B, (u, sin 14,837t + v, cos 14, 83?t)}.

2.3.3 M5 hinh xe 6t6 12 hé dao dong bon bac tu do biéu dién trén hinh
BT 2.3.3.Choa=3m,b=1m,¢,=¢;,=4.10° N/m, ¢;=¢,= 10°* N/m, M =
200 kg, m = 30 kg, J = 200 kgm?, b,= b, = 2000 N/m, b, = b, = 500 Ns/m.

a) Thiét 1ap phuong trinh vi phan dao dong cta co hé.
b) Tim quy luat dao déng cta co hé.
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a J b
|

¢y b, 2

T,

|
|
3
i
|

Hinh BT 2.3.3

Pdp s6: Phudng trinh vi phan dao déng cua co hé:

J+ MW . -J+ Mab .

myl +Wyz +by, - by +oy, —cy; =0,
-J +Mab ., J+Ma® . .

(a+ b)z Yy + ((1 i b)g ¥, +b,9, - by, + ¥ -y, =0,
my1 - |lE"|‘5;'| + (bl + b])g"i -qy t (Cl TG )yﬁ =0,
miy, - b7, +(b2 + b_,)y“, -Gy, + (Cz + c4)y4 = 0.

Tim nghiém duéi dang y = ze™ , phuong trinh déc trung:

225.10'2° + 645.10°4" + 177475.10°A° + 198025.10°4° + 2297.10"A* +

+ 767.10" 2%+ 456.10" 2%+ 56.10'%4 + 16.10* =0.

A,=-88,312 + 166,86i,
A= -5,66 + 43,67,

Cac vécto riéng z, = u,_ +iv, ing vdi A, la:

A, =-44,124 + 131,68i,
A,=~5,327 + 22 5i.



122 BAlI TAP DAO DONG KY THUAT

w, =10 -0.23 -0.71 0105 . v, =[00 0.0 -0.0098 0.104] .

u, =[=0.039 -0.19 023 10| . v, =[0.018 ~0.018 0.0024 0.0] .
; ; " 1 il
- - i
u, =10 -0.23 090 -0.21] . v, =[0.0 -0.065 0.0044 -0.025]
_‘. _ _‘r"J ro
u =[0.21 10 017 0.83] . v, =[011 0.0 0.093 -0.63] .

Nghiém tong quat:

X =

A o3 166,861 - v, sin 166.861) + B (u, sin 166.861 + v, cos 166,86t)]  +
¢ [ A (u, cos 131681 = v, sin 131.681) + B, (u, sin 131.68 + v, cos 131.68t)] +
e M A, cos 43,671 = v, sin 43.671) + By(u, sin43.671 + v, cos 43.67t)]  +

+o Ay cos 22,50 = v, sin 22.50) + By(u, sin 22,5t + v, cos 22.5¢)].

2.4 Dao dong cudng biic

2.4.1 Mo hinh 6t6 har bac tu do chay Vo

- * A a~ - -
trén miait duong g6 ghé lugn s6ng biéu m, 3y
dién trén hinh BT 2.4.1. Gia su 6t

chuvén dong déu véi van toe v, Kho
lugng thung xe m, = 800 kg. kha lugng
banh xe m, = 200 kg, dd cung cua hé
thong treo ¢, = 5.10" N/m. do cing lop xe
¢, = 6.10" N/m. Mat dudng ¢6 dang hinh
sin val bien do A, bude song L.

a) Thiét lap phuong trinh vi phan dao
dong cua co hé

b) Tinh cac tan sé riéng, dang riéng. Dua
phuong trinh vi phan dao dong vé dang
toa dé chuan. Hinh BT 2.4.1

¢) Tinh cac van tée téi han cua xe.
Ddp s6:

2
it Wiy = iy, ST o ——

i, + (e .

1

"r”:.‘;.l;._" A r:,“h F '“3.”_3 = ()
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b) Tan =0 =1eng. dang riéng:

1

i)

I

hy

PPhuong trinh

N0 pad/s. Lo I
2436 yad/s.

vi phan dao dong d dang toa da chuan:

b+ o po=982.7h, cos Q.

Js f"j;;!_. = 3396.2 I, cos Q1.

¢) Van toc 1é han: o, =

L
. @,

et 2;1_ .=

2.4.2 (o hé ¢o hai khéi lugng dao dong cudng buic nhu hinh BT 2.4.2.

a) Thiét 1ap phuong trinh vi phan dao dong cua co hé.

b) Tim biéu thie xae dinh cac tin sé riéng cua co hé.

¢) Cho F\,(t) = F sinQt. Ching

minh rang kln Q bang modt
trong cac tan soO riéng cua cd

hé thi bien

cuong buce tang lén vo cang.

d) Vé do thi dao dong cudng bue
khie,= =0

M m,

d0 dao dong

S

Hinh BT 2.4.2
=0, m=m,=m.

Padp sé: Phuong trinh vi phéan dao dong:

[ml.'."

1”* ¥
.

| HRP, Al

IJ‘r: - f:;(f)

Phuong trinh tan so:

lH[.rH!(rJi - [”’|("-'|: +; )+ myle, +r, ]]n_,l“ +ee, (e, +0)e, =

Dao dong cuong bae: x = AsinQf. A = [.—'l, 4,1,
G|
R e Q:m: P 4 f'u}:‘l
A | A

ek, 3 T T
P P o /_/,— Pt A ‘
’—,/?J.» = g G e s o
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trong d6: A* = ml'm.z(Q: - (uf)(!lz ~w?), ®, @, 12 cac tan s6 riéng cla co
hé. Do d6 khi1 Q — @,, hodc Q — w, thiA, vaA,— o.

2.4.3 Co hé ¢6 hai khéi lugng dao

dong cudng bic nhu hinh BT 2.4.3. 4 X Xg
ho F, = F. 5 72 e RO
Cho F, = FsinQt. . b F LTS
2 j”/// -—_ﬂ ' f\__l
a) Thiét lap phudng trinh vi phéan %_C/\/\/\/\_ m VW | 2m J
dao dong cta co hé. L

b) Tim bién d6 dao déng cudng bic Hinh 87 2.4.5
cua cac khéi lugng.
Ddp sé: Phuong trinh vi phan dao déng:

mi, + 0L, + 2cz, —cz, = F sin Qt,

2mi, ~¢z; +ex; =0,

Dao dong cudng buc:

T T
x = usin Q¢ + veos Qi u:[uL uz:l ,vz[ul -u,] :

(c = 2mQ?*)(c* - 5emQ? +2m’ Q') K Qblc - 2mP ) F,
u‘ - ¥ "I'UI — . l ?
A A
2 ; 2 P gy A
c (C = 5em€Y” +2m Q ) F Qbe(c - 2mQ*)F,
By = A* s Uy == A ‘

A =c'+ ((:zb2 - lOcJ'm) 0iF & (29(;2?712 - 4bzcm) " i
+(4E}2m:d = EObm")Q“ +4m'Q".
2.4.4 Co hé c6 hai khéi lugng lién két va chiu lue nhu hinh BT 2.4.4.

Cho m, = 80 kg, m, = 100 kg, ¢; = 1.10° N/m, ¢, = 2.10° N/m,
b = 500 Ns/m, F,(t) = 300 sinQ¢ N, = 80 rad/s.

a) Xac dinh bién do dao dong
cudng bic binh 6n cua cac khéi 4% l Xg ]
— %H F,(t)

\ 7
lugng m, va m.. ? -E|}-| 7 e,
b) Xac dinh tdn s Q cta luc ; Svan] VWM m,

kich dong Fy(t) dé bién 40 061 2 T
trén khong vudgt qua 1 mm. Hinh BT 2.4.4
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Pap so:
a) A, = 1,069.10% m, A, = 1,153.10° b) €2 > ~0.434 rad/s.

2.4.5 Ba may c6 khéi lugng m, =
m, = m. = 20 kg dit cach déu trén
dam tua don, chiéu dai L = 2m. Cho m, ms m; EI
E = 200.10° N/m®, I = 1,35.10° m". ‘

May cé khéi lugng m, lam viée vé1 /77 )
van toc goc €, =\ 100 rad/s véi lLICjng ' L/4i L;’4 L,’4
quay mat can bang eAm, = 0,5 kgm. <—-—>!<——:‘*

Xac dinh bién do dao dong cudng Hinh BT 2.4.5
bitc binu 6n cua may c6 khél lugng
m.,.

Pdp $6: A,= 2,8.10% m

Am

2.5 Bo tat chan dong luc

..
L)

2.5.1 M6 hinh cia may c¢6 bd phan quay léch
tAm biéu dién trén hinh BT 2.5.1. Bo phan
quay véi van tée géec 50 rad/s, lugng mat can ¢/
bing Am.e = 0,2 kgm, m,+Am = 200 kg,
¢, = 4.10° N/m. Tinh toan cac thong s m,, ¢,
cua bd tat chan dong luc dé dap tit dao dong
cudng biic cua may va bién dg dao déng cudng Hinh BT 2.5.1
buc ctia bd tat chdn khong vudt qua 5 mm.

Pdp sé: m, = 40 kg, ¢,= 10° N/m.

2.5.2 May khéi luong m = 4000 kg ¢6 phan khoi lugng quay va dude lap
dat trén mot két cAu khung nhu hinh BT 2.5.2a. Tai s6 vong quay lam
viée ny = 2400 vg/ph xuat hién dao dong manh theo phuong thang ding
y, col nhu xuat hién 6 vong quay cdng huong.

a) Xac dinh hé s6 ciung ¢, cia md hinh dao dong mot bac tu do theo
phudng y cua may.

b) Dé giam dao ddng 16n & ché do lam viée cia may, ngudi ta gin vao
may mot khéi lugng phu m, = 500 kg véi mét 10 xo cing ¢, = 2.10° N/m
nhu hinh bai 2.5.2b. Hay tinh cac tin sé riéng cha hé dao dong theo
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phudng y. Xac dinh céc bién dé dao déng cudng bic khi biét lugng mat
cin bang Am.e = 5 kg.m.

¢) Ngudi ta phai chon hé s& cing cta 16 xo ¢, bing bao nhiéu dé dap tét
hoan toan daoc ddng theo phuong y? Trong truong hgp d6, hay xac dinh
bién do dao dong cia khéi lugng phu m,.

v .
" “
v "
k .
" '
" .

AN

L 3) L Vs b) VT

’ Hinh BT 2.5.2
Dap so:

a) ¢, =256.10°n> N/m,
b) w,=62,98, @, =252,39 1/s, A, =0,148 m, A, = 0,01 m.
c) c,=32n10° N/m, A,=0,01 m.

2.5.3 May khéi lugng m, = 100 kg dit gida dam tua don dai 3 m véi
médun dan héi E = 200.10° N/m? vA mdémen quan tinh ctia thié€t dién
ngang I = 1,3.10° m". May hoat déng giy ra luc kich déng diéu hoa véi
bién d6 F, =5000 N, tan s6 600<n <700 wg/ph. Thiét k& b tat

chan déng luc khong can sao cho bién ¢ dao dong cudng bic binh 6n
khéng vudt qua 3 mm trong ca ving lam viée cua may.

F,sin Q¢
m,
m, || F,sinQ¢
o y
Co
Moy b)

/EI
3

a)

my Hinh BT 2.5.3
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BDdp so: Hé tuong duong: hinh BT 2.5.3b, ¢, = iﬁﬂ = 4,62.10° N/m .

4

Tén s6 riéng hé chinh: o, = J—C'— = 68 0rad/s . Dé dap tat dao dong cia
ml

m, khi Q = @,,, chon bo tat chan cé tan sé w,, = |2 = 67,99 rad/s.
m,

Bién d6 dao dong cudng biic A, cia m, biéu dién & dang:

=—FI-’,,, I_T; l trﬂngdé}']:_ﬂ_,rz: Q1,£1=Ln-z“.

3.5 2 2 !
i =1 —(1+ p)n +1| @ Wy, w,

4

G

Khi n, = 600 vg/ph (Q, = % = 62,8rad/s), chon b tit chdn c6 tin s& wy,

nhu trén thi , =Q, /o, =Q, /®, = 0,924. Cho A, = 0,03 m, tinh dugc
i, ~0,641.

Khi n, = 700 v/ph (Q, = 73,3 rad/s), cho A, = 0,03 m tuong tu tinh dudgc
u, =0,527.

Vi A, giam khi g tang, nén dé thoa man diéu kién giam chan cdn chon
gia tri lén x4, = 0,641. Bo tat chan (tAn sd wy,) voi m, = uym, = 64,08 kg
VA Cy = Myt =2,9622.10° N/m.

2.5.4 Dung bo tat chan dong luc cé tinh dén can nhét cho cd hé ¢ bai
2.5.3 (hinh BT 2.5.4).

A1l

msy

Hinh BT 2.5.4 Hinh BT 2.5.5
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L . . m, o
Khi may lam viéc vé1 n =600 vg/ph néu chon u=-— =0.25, hay tinh
1
}
bién d6 dao ddng cudng bie binh 6n cia hé chinh néu chon cac thong so
cua bd tat chiin 1a to1 uu.

Dap s6: i, = 2.9 cm.

2.5.5 Dé dap tat dao dong xodn cua truc quay ngudi ta su dung bo tat
chan dong luc kiéu con trudt. D6 1a cac khéi lugng m gan ¢ dau mut cac
10 xo 6 thé trugt tu do theo ban kinh ctia dia. Cho hé gom dia v
momen quan tinh déi véi true quay bang J dude gan trén truc véi do
cting xoan 1a ¢. O ¢hé dd binh 8n dia quay véi van téc gée Q . gia su dia
chiu tac dung ngau luc véi mémen M(¢) = M sinQ. Xac dinh céic tham sO
m va ¢, cua bd tat chan dé dap tit dao dong xoan cudng bic cua dia.

c e fL R 2
Bap so: —_— S £4L
2.5.6 Dé dap tat dao dong cua bé nude khéi ludng m., dat trén dau mat
cua cot dd. ngudi ta st dung bo tat chan dong lue kiéu con lic. Cho do
ciing udn cua cot 1a EI, luc tac déng cua gi6 F(t) = F,sinQt. Hay xac dinh
cac tham sd m,. {, cua bo tat chan.

Pap s6: gll, = Q~.

C
F(t) ‘a Y
—
m, Z
Ty 7
o L
|\____ﬂ
]
: m,
. 3
R e =0 3
G [

Hinh BT 2.5.6.a Hinh BT 2.5.6.b
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2.6 Dao dong uon cua roto

2.6.1 Roto cé khar luong 40 kg, do léch tam 1a 1.2 ¢m duge gan vao truc
¢O do cting 3.2.10° N/m va hé s6 can Lehr 11 0,07, Tinh d6 vong cua truc
trong chuvén déng binh én caa hé 6 toe do 1000 ve/pa.

'i 1___
vl o et \L-(" Q/ Frata
jim— . — e \ e
gEieel O . I \ e
I ‘ L T B .
Hinh BT 2.6.1 Hinh BT 2.6.2.a
5 e - ¢ ,. Q
Bap so: Tan sé riéng @, = J: =804 wmalls.pe—al.ll.
m 0

Bién dé cua chuvén dong xoay cua truc
E"J":
A > =407 cm.
J(l -1 ) +(2Dr)’

2.6.2 Banh da cé khéi lugng m gan giia truc dan héi dudng kinh d dai
2L. Truc quay déu véi van tée gée Q. Do léch tim cua banh da bang 0.
Bo qua khoi luong cia true. Thanh lap phudng trinh vi phin dao déng
bé cua banh da quanh trang thai chuyén déng binh on. Tinh bién do6 dao
dong cudng bic binh én ctia cd hé, van toc goe tdi han Q° cua truc.

Huwong déan: Chon hé ¢d dinh Ouxgy.z hé dong Oxyz quay vdi van tde goc
Q cung voi true. Vi tri trong tam O cua banh da trong hé dong 1a (x, y).

Pong nang. thé nang cua hé:

1 | Yo
T =—me, +—.0,0Q°.
Z 2
VIIZVI:J'{-V;"V;; :-,'Ii+|‘}j-v:| :er_ O x
2 q 2 . 2 mg
o, =(r—yo) +(y+rw) . ; i jﬂt
1
0, L

1= l ¢ (.r" + ,e,r") + g (e sin QF + y cos Qt),
2 Hinh BT 2.6.2.b
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% O6ET, ad’
vl e —=. 1 = :
'§ 64

Phuong trinh vi phan dao dong:

(7 + (cp - Q) -2Qy = —gsin Q1

e

' o trong do: @, =—.
lr; - ((.r)"| - ) y+ 200 = —gcos Qt, m
g " ) {
Dao dong cudng biace: x = A,;sinQY, y = A.,cosQt. A, =A,= ——?—"J—-—j :
W, — 10
- a7 ’ e ) (U“
Van toc goc té1 han: Q = 'y

2.6.3 Mot r6 to xem nhu mét dia tron 6 khai lugng m = 55 kg, gan vao
truc ¢6 d6 ciing ¢ = 1.4x10" N/m. quay v6i van tée géc n = 6000 vong/phut.
Cho biét hé so can Lehre D = 0,05. Do léch tam caa dia 1a 1000 um
(e = 0.001 m). Hay xac dinh:

a) Van tdc t6i han cua dia.

b) Do 16n bién dd dao ddng quay cua dia theo phuong thing ding,

¢) Bién d6 dao dong quay cua dia véi van téc quay téi han.

Ddp s6: a) n, =4817.6 vong/phit: b) ¢, =0,0027116 m, ¢) «, =0,01m.

th

>
o
i

N

Hinh BT 2.6.3
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Chuong I
Dao dong tuyén tinh cua hé vé han bac tu do

3.1 Dao déng udn cua day

3.1.1 Dao déng uén tu do cua day

Thidu 3.1 Bist & thoi

diém dau (¢ = 0) d6 léch cha "
day déng chit, nim ngang cé ﬁw
T

dang w=w, sinT, van téc L |
" g [

bing khong. Tim do léch & | L

cac thoi diém tiép sau. Gid

thiét rdng slc cang cua day Hinh TD 3.1

S luén khéng d6i, khoi lugng

don vi dai cua day 1a .

Loi gidi. Ta biét nghiém dao déng tu do ciia dav cé hai dau gin chat co
dang:

w(z,t) = Zsin m:x (A, cos%ict + B, Sill-n—;-:-['i] (3.1)
n=1 i
trong do:
e=8lu (3.2)
tit diéu kién dau
w(z,0) = w, sinir—‘;£
ow
—(z,0)=0
2 =0)

= A =w,, con lai cac hé s6 khac déu triét tiéu

Vay: w(z,t) = w, sin(-;?)cos;(i:‘£ t).
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Thi du 3.2 Ngudi ta xem S
rang khi go bua vao mét sgi

day 4 vi tri x = a@ nhu hinh 03
TD 3.2 thi s¢gi day dudge s
truyén van téc ddu v khéng |

v

|

|
5 = a N [
do1 trong khoang |t

3 S a n i
(a- i 5), phan con lai o Hinh TD 3.2

cua day khéng chiu anh

hudng. Tim dao dong udn

cua day.

Loi giai. Nghiém dao dong uén tu do clia day dong chat véi hai ddu co
dinh c6 dang (3.1):

iz, t) = Z sin
n=1

nrTT

l

[A“ cosn—;r-ct + B, sin%ﬁct].

Tu diéu kién dau

w(z,0)=0
s s
v trong khodng (a — —,a +—)
w(z,0) = 2 2
0 con lai
taratra: A,=0Vn va - H%EB“.Sinﬂ%I:ﬂJ(E,O)
1

n=

i i
S T ; .
— jn ~_B, sin® e zdz = jw(n:, 0)sinn T zdz
0 (f]

I3 2 i
e l A ! nrz|*’?
=>n—B, —= J' vsinn—zdzr = v| —— |cos
i 2 a-x/2 ! nmw i=nf2
2 [ . Tma ., nxs qul . nma . nnms
=i s v| —— || =2sinn——sin B e BN P~ Bl
nre nmw l 21 n‘mwc l
Vay:
4ol 1 ., ma . @S . mT , ;e
w(z,t) = —— ) —.sinn—.sinn—.sinn—.sinn —1
el ) { l l
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Thi du 3.3 Mot day dong chat dude bude chat hai ddu va chiu mot luc
can ty 1é bac nhit vdi van téc hé sd f trén sudt chiéu dai day. Gia thiét
ring suc cing day S luén khéng déi. Tim dao dong uon tu do ctia day.

iy | @ P b d i - ~ -~ -~ # . A -~ aw
Loi giai. Luccan cua mdt phan t6 day co chiéu dai dx 1a —ﬁad:r:,

Vi vay phuong trinh dao déng tu do cua diy trong truong hgp nay cé
dang:

("‘“ w Bzw
L 3.3
'B ot B:cz st
Ta tim nghiém cua (3.3) dudi dang:
wix; $)= Z Sin—THE (3.4)

Thay (3.4) vao (3.3):

Ll

o« s .
Z TN+£T"+nzﬁzST sinn—=0
n=| H t,l'.d' .':

=T +£T +n2:rSTﬂ =0
H Pu
Nghiém ctia phuong trinh trén cé dang:
_[1}
T =e\# (A“.cos w,t+ B, .sinw,t)

n

2 2
trong d6: @, = nsz_'ﬁ_ ’82
2 pu 4u
Vay: w(z,t) = z bl]lﬂ,'—'—-)b 2 (A, cosw, b+ B, siiw,t) (3.5)

n=)

Phudng trinh (3.5) biéu thi dao dong tét dan.
3.1.2 Dao déng uén cudng birc cua day
Thi du 3.4 Viét phuong trinh vi phan dao déng nhé cua day dudi tac

dung cua tai trong phan bé theo chiéu dai la q(x,#). Gia thiét stc cang
day S luén khéng dai.
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Loi gidi. Ap dung nguyén ly d’Alembert cho mot phén t& ¢ chiéu dai

dx ta dudc:
Dw 2w l q(x,t)
—_—=F — + .3 3.6 >
ot? or” dah) 158 S x
l—-— [ f—l
Hinh TD 3.4
w

Thi du 3.5 Mjt sgi day dong chit duge kéo cing giit chat & hai dau,
chiu tde dung mét luc phan bd F(t) = Fycosf% trén sudt chiéu dai day
(xem hinh vé). Xac dinh nghiém binh én cta dao déng uén cha day. Gia

thiét stc cing day S ludn khéong déi. FycosQt
Ldi giai. Phudng trinh vi phan - }x
dao dong cua daiy cé dang: ]

azw ; ézw " 2k

— =" —+—cosQt (3.7 w ;

e 77 T 3.7 v Hinh TD 3.5

Nghiém binh &n cta (3.7) dude tim dudi dang:

w(z,t) = X(z)cos Qt (3.8)
Thay (3.8) vao (3.7):
; 2 F F,
X +—%—X =-— = X(z)= Acosg-:r 4 Bsingm -
c uc c c j7.9 5

Véi diéu kién bién:

2

K= AeBasi
1Q

F
XDH=0=> Ac089—1+Bsin2£— =0
c c
F(l—cos—iJ
F:i . _ . C 0 Ql
=5 o B ol ztgz—'
o QY sin — M2 ¥
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Vay: w(z,t) =

Q [ )
- [cos—m + tggsin L T - !Jcros Qt

J7.9 c 2¢ c

Thi du 3.6 Tac dung dét ngét mot luc khong d6i P, 1én day & diém
cach nut trai mét khoang I, (hinh vé) tai thoi diém ¢ = 0. Tim dé vong
cua ddy theo thoi gian & diém téc dung lue. Gia thiét sic cing day S
luén khéng doi.

&)PO

l
w Hinh TD 3.6

Loi giai. Phuong trinh vi phan dao déng dude viét dudi dang:
S w A*w
= S Y +Pé(x-1) (3.9)
& 1a ham Delta - Dirac [1]. Khai trién Fourier:
nwrxr
S(z-1)= ZC' sin —— :

n=|

nwl
trong do: - jc? =l smﬂdc —%sin I L,

Phuong trinh (3.9) ¢6 dang:

w P 2u2F nul nAT
— =9 + 2 sin —sin 3.10
S TR Z' ! z f i

Nghiém phuong trinh (3.10) dude tim duéi dang:

Z it sm—

n=|

Thé biéu thitc trén vao (3.10) ta dudc:

2P nl
(EIRJ T, =—tsin—>, n=1,2,.

lu l

T

"
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Nghiém phuong trinh trén véi diéu kién ddu bing 0 (T =T\ = 0) ¢6
dang:

2P |
= 2uzsinﬂnu(1—cosﬂt)
Snew [ l

Ta ¢6 nghiém phuong trinh (3.9):

2P} & . nml, mr:c[ n.:rc)

w(z,t) = 1-cos—t

gu* = a’

Dich chuyén ctia diém dit luc 12 ham cta thdi gian:
~ 2P¢.= ., nal ( nre ]

w(l ,t)
(° Sx° =gt l

1-cos——t

3.1.3 Cac bai toan mo réng

Thi du 3.7 Cho méot diy ning
déng chat chiéu dai I ddu O gin
chat (hinh vé) khéi lugng don vi
dai caa day la u Viét phuong
trinh vi phan dao déng uén nho
tu do cua day dé1 véi vi tri cAn
bang thing ding va tinh ba tan
s6 dao dong riéng dau tién cua
day.

Loi giai. Trong truong hdp nay,
luc cing diy bién thién theo do Hinh TD 3.7
dai:
S = gl —x) (3.11)

Xét mot phan t6 c6 chiéu dai dx nhu hinh TD 3.7. Cac luc tac dung cho
trén hinh. Chiéu céac luc 1én truc w ta co:
2

.sin(a + da) - Ssina =0

2
—,ud:cz < +(S+-§£d:c)( +%Ed:r,)-5a=0
z
O’w ow

- —(sa) =2 ut-0)22)

e ot’ oz



Chuong 3 DAO DONG TUYEN TINH HE VO HAN BAC TU DO 137

Pw 0 aw]
H =—|g(l = x)— 3.12
Hay FE=Z{a-3 312
Nghiém cua (3.12) dude tim dudi dang:
w(x,t) = X(x)sin(wt) (3.13)

Thé (3.13) vao (3.12), sau vai phép bién dai:
X 1dX
+——

dr* =z dz, gz,

X =0 (3.14)

trong do x,=17 —x.
Nghiém cta phuong trinh (3.14) c6 dang:

2 2
X—GIJU{Z f—xl}rcﬁz};, {2 ﬂ-xl] (3.15)
g 9

trong d6 Jo, Y, 1a céc ham Bessel loai mdt va loai hai cdp 0; C,, C; 14 cac
hang so
Ham X phai thoa mén cac diéu kién bién sau:
x=0:i%=1LX1)=0 (3.16)
x=1:2,=0 X(0) # 0 {3.17)
Vi Y,(0) = « nén C,=0. Thay vao (3.16):

CJ (20 \/I) = 10 = J,(20 JI) = 0 (3.18)
g g

(3.18) 1a phuong trinh tan sé.

Ba nghiém dau tién cia ham J, 1a: k,=2,4 ; k,=5,562 ; k, =8,65 nén ta c6

@, =l,2\j%; w, =2, TG\/%; o, = 4,325\/_%-.

Thi du 3.8 Lap phudng trinh vi phan dao déng uén nhé ctia ddy ndm
trén nén dan hoi va tinh cac tan sé riéng (hinh TD 3.8.a). Khi day léch
khoi vi tri caAn bang, Iuc phuc héi tac dung 1én day ty 1é véi do léch day
theo hé s k.

Loi giai. Xét mét phan td ¢6 chiéu dai dx nhu hinh TD 3.8.b.
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Chiéu lén truc w

dm f;? = —kwdz - Ssina + S sin(a + da)
=5 Pl = —KdE T g (3.19)
t or
o*w o*w
= —kw+S5
# ot’ oz’

Nghiém cua phuong trinh trén dugce tim duéi dang:

w = X(x) sinax (3.20)
Thay (3.20) vao (3.19) ta dugc /K-____%
SX"+(ue® -k)X =0 x
= X =C,coswz + C,sinoz a)
n o 1 2 w
vii = ,’E(,ucu -k). S il
o
Diéu kién bién:
x=0: X(0O)=0suyraC,=0 b) -
x=1: X(I)=0 suyra C,sinal =0. Hinh TD 3.8 S
" uw® —k
T diy ta duge phuong trinh tan sé: sin 5 [=0
; g uw® -k
Nghiém cua phuong trinh trén la: 3 | =nr n=12..
2_2 .
Ta c6 cac tidn sé riéng: w, = T”Z S+i ne19...
pl H

Thi du 3.9 Mgt tai trong tap trung P, chuyén dong véi van téc khong
d8i v trén soi day dit nam trén nén dan hdi tuyén tinh (hinh TD 3.9). D6
ciing clia nén bang &, luc cing trong diy bing S, khéi lugng don vi d6
dai cia day bang . Tinh d6 vong cia day, biét rdng ¢ thoi diém diu tai
trong dat ¢ goi trai.

Loi giai. Phuong trinh dao ddng udn cta day c6 dang:
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o w - 7w P,, Sla - zt,]—ﬁ‘u.’ (3.21)
ottt oz’ M H

-
trong dé: ¢* = — , x,= UL
y7,

X
>

R EEEEEE T E T2y~
77

Hinh 1D 3.9

» . ¥
Khai trién Fourier:

2 . NMAT, | AT 2 nrT nrT
:r—:J:UI Z? sin Lsin Z? mTuf sin !
w=] |

Luc nay (3.21) c6 dang:
Fw Aw k A nr nrT (3.22)

= ————uw+— —s8in — vt sin——
ot? oxt p;E I

Tim nghiém (3.22) dudi dang:
Z ) sin 22~ (3.23)

n=|

Thé (3.23) vao (3.22):

- S 2E
T, +|¢ [E) +i T = il vt, n=12..
{ H lu l
Vi khi t=0: =T =0, nén sau khi bién doi ta dudc
nav nrv
. sm—;—t———gsmwt . -
w(z,t) z Du - sin 22 i w, = |c? (T) +—.
u

n’| w? - (E v)z E
" l
Thi du 3.10 Hinh TD 3.10 mb ta so dé6 moét dau tau dién chuyén dong

Bo phan lay dién duge dit ty vao mot sgi day dién cang véi lue khong déi
P, va khi tau chuyén déng, né trugt trén day véi van téc v khong doi. Tai
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thoi diém ddu, bd 14y dién duge dit ¢ diém gin day dién O. Khao sat dao
dong cua day dién biét stc cing day 1a S, khdi lugng don vi d6 dai 1a s

’ z H
w >
P, ! .
0 ’);; =
Hinh TD 3.10
P

Loi gigi. Ta c6 diém dat bd 14y dién x, = vt chiu tac dung luc P, nhu
hinh vé. Phuong trinh mé ta dao dong cua day (tham khao TD 3.9) c¢6
dang:

w L0 , 0w 2P & . navt . nnz

¥ i
P =c §?+J§(z—zu)=c =i +I—- sin I sin ! (3.24)
I ,Lf I P ni=|

Nghiém phudng trinh (3.24) dudc tim dudi dang:

x

w = z “{t) sin — (3.25)
n=|
Thé (3.25) vao (3.24) ta duge:
2F
T +c (m!) T = Zogin 2yt n=12..
z a1
Vikhit=0: T, =T, =0, nén nghiém ctia phuong trinh ¢é dang
2P
L= > - : - [sin-nfifut —-U-sin-rﬁct].
H (¢ _vz)(ﬁfj) ¢
[
Thay vao (3.25):
: . nx v . nx
w(z, t) = ,u( - ) - ,,Z.:‘n [smT'vt—:smTct].

Thi du 3.11 Hinh vé m6 ta mot cabin trugt trén cap treo 12 mét khoi
lugng m chuyén dong trén day véi van toc v khong d6i. Luc cang cua day
bang S, khéi lugng don vi dai cua day 1a .
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1. Lap phuong trinh dao dong uén nho cua day

2. Tim dich chuyén thing ding clia khéi lugng néu gia thiét luc quan
tinh m@ la khong dang ké so vé1 trong lugng mg.

v

{ I e
Vg

” Hinh TD 3.11

v

Loi gidi. 1. Trong truong hop nay lue tac dung tai vi tri khoi lugng 1én
day la
N =mg - muw,
Vo1l w,= w(x,t) 1a d6 vong cua day tai vi tri cua khéi lugng m (x,= vt).
Khi d6 phuong trinh dao déng uén cua diy c6 dang:

2 2
e P Tt e o BT ) (3.26)
ot” or’ M U

Khai trién Fourter:

o(x —ut) = Z%sin

nruvt . NAT
s1n——£u-

Nghiém phuong trinh (3.26) dugc tim dudi dang:

w =Y T,(t)sin "”;T‘

re=|

naut

Khi dé: w, -—ZT(t sin

n=l

Sau vai phép bién déi ta duge:

8 it -
_d;"i"[T + EE T, sin ey } +@T = ———ng sin e
dt Mol

Ll fr Ff I
2
véi: w: = ¢ [E{i{) :

2. Trudng hop nay giéng thi du 3.10 khi thay P,= mg, ta dugc:
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w(z,t) = - Z : sin 222 [sin B2 ot~ L 225 t]
l l {

uri(c® -v*) & n? ¢

Dich chuyén thing ding cta khéi lugng m bing:

wl .. - i 1 sin i [sin 2 e g .f,)
T = ut urn’(c® —v*) Sin? l l c { -

3.2 Dao dong doc va dao ddng xoidn ctia thanh thang

3.2.1 Dao déng doc tu do

Trong phan dudi diy, ching ta sé khao sit dao dong doc cua thanh
thang c6 chiéu dai [, médun dan hoéi E, dién tich tiét dién A, khoi lugng
phéan bé theo don vi dai 1a g, mat do khéi 1a p.

Thi du 3.12 Thiét lap phuong
trinh tin s6 cua thanh déng chit x
c6 tiét dién khong doi c6 dau trai
ngam, dau phai chiu lién két véi 1o
xo ¢6 do cing ¢, nhu hinh vé. Xac
dinh hai t4n sé riéng dau tién néu
co=FEA/L
Loi gidi. Theo [1], phudng trinh dao déng doc ctia thanh thing dong
chat tiét dién khong déi 1a:

O*u oO*u B s B

2 2
C 0:():

o " et p

Ny
1
!
!
|
|
|
!
!
!
|
éf

Hinh TD 3.12

(3.27)

Nghiém dao dong doc dude tim dudi dang u(x,t) = X(x).T(t) va ham riéng:
Xlay=2" coeZ 24 BeinZ s (3.28)
c

c
Diéu kién bién:

x=0:X(0)=0 = A" =0= X(z)= BsinZz
c

x=1; EA %i =—cu = EAX().T(t) =-c,X(1).T(t)
xr
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= EAX() =c, X() = BAZBcosZi= - B.sinZl

C (, C

E;‘l,a} ha.y f{j!l =—A ,@_‘_1‘ vén' A". = Ej-i (329)
c

;;,(_:n (.':Ii

=% tg—(y-f = —-
¢

(3.29) 1a phudng trinh tan s cua thanh

Néu ¢ = %Ji thi (3.29) c6 dang tgh = - A

0

T do, ta c6 nghiém:

215 [E
r
A, =48 = o, t-‘-ngs =
& t p
Thi du 3.13 Dau trai cua thanh 5 "
ddng chat c6 tiét dién khong ddi gin » x
véi mét 1o xo cé do cing k, dau kia .
tu do. l
1. Viét phuong trinh xac dinh tan
s6 dao dong Hinh TD 3.13
2. Xac dinh hai tdn s6 diu cua
thanh biét £ = EA/L.

A=215>w

Léi giai. Ap dung cach giai gidng nhu thi du 3.12
Piéu kién bién:
ou

t=0: — FA=ku
ox

=i QEEA=0
ox

Tit d6 ta xac dinh duge phuong trinh tan so:
B
2 EA

[

tgA = (3.30)
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véi tAn so w=i%=£%\/g,

Khi & = % , bidu thic (3.30) c6 dang tgA = %

Giai phuong trinh trén béng phuong phap s6 ta dude: A = 0,860;
A, =3,425.

Vay tan s6 dao dong riéng: i = 0,86 E: o, = 3,425 |E

: I \p l p

Thi du 3.14 Ca 2 d4u thanh déu gén 10 xo nhu hinh vé. Lap phuong
trinh x4c dinh tin s6 dao dong cua thanh. Tinh hai tin sé riéng diu tién
khi k, =2k, = EA/I.

Loi gidi. Diéu kién bién k; E Al ks
ou %\/\/\N‘* ''''''''''''''''' fVV\/\/E
z =0 = EA = ku(0) s
x :
o=l @EA ==l Hinh TD 3.14
oz
Khi d6 phuong trinh tan sé c¢6 dang:
A
i EA(k, +k,)
tgA = — (3.31)

EA
bk, = (5=

A [E
C == r—
LNp

s l
vl A=w— hay o=
¢

t--.l,_\.u

Khi & =2k = fiﬂ thi (3.31) ¢6 dang:
3 A
L g .
o 2 = 0,5

ta tim duge nghiém gan diung A,=1,25; A,=3,5

Vay tan s6 dao déng riéng: w =125 ¢ @, =35

— —
SE
— ]
NE
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Thi du 3.15 Mot thanh ddng chit chuyén déng doc theo truc x véi van
téc v khong ddi (hinh vé). Thanh bi va cham vao mét vat chén, ran tuyét
d6i sao cho tit d6 trd di mit trai cia thanh ludn luén gén ciing vao vat
ran. Tinh gi4 tri dich chuyén cuc dai & ddu phai cia thanh va gia tri ing
luc doc truc cuc dai 6 dau trai cta thanh.

Loi giai. " E Al .
2l et Bl = —
Do diéu kién dau 2__,_{—_ ___________________ n S
Y20l =1 Hinh TD 3.15
ou
—(z,0) = -
P (z,0)

Ta tim dude nghiém:

] -
U(E,t)=—8iziz.sinnﬂ$.sinz¥t VOl = E—A: E
P

Dich chuyén caa bién phéi (x=1) 12
81Jf = ; e
I,t) i t
R

nle

Gia tri cuc dai dat & thoi diém ¢, =

Ta c6 lye doc truc

N = EA?E —E'Aﬁﬂ- Z —%-[nf—]cos(n ir-"EJ.sin(nfﬁtj
oz e S n 21 21 21
(n I€)

Tai vi tri bién trai (x=0), dé th&y N dat cyc dai khi ¢ = -
C

( l}r bl ?}EA —— {—“_'EA# '
c

N =-EAﬂZ

max e o 2?’1 _ 1
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Thi du 3.16 Cho biét thanh bi kéo bdi mét luc P khong d6i va ¢ mot
thoi diém nhdt dinh, luc duge bd di d6t ngot (hinh vé). Tim quy luat
dich chuyén ctia ddu mit phai ctia thanh.

Loi giai. Do trang thai kéo tinh, E Al p
ddu mut phai cha thanh gian mt e -
) 7 .‘
doan u, .4 o B —
E > &
|
Véi diéu kién dau: Hinh TD 3.16 Uo
u(x,0) = u, %
(3.32)
ou
“—(z,0)=0
7 (z,0)

Do diéu kién bién: diu trai ngadm, diu phai tu do nén ta c¢6 phuong trinh
tdn sé:

l n-1nrx
cosw—=0=2>a, = i}
c 2 {
va :ct)-Zsm( * z).(A, cosw,t + B, sinw,t)

n=|

Do diéu kién dau (3.32)

i 2n-1 =n 2n-1 =&
Vay: ( -—-:c]. ( T .t)
Ay e Z(Zn—l) > I cos 5 3 c

n=|

Dich chuyén muit ph:ii cua thanh

2n-1x
u(z,t) = 22(271—1) os{ T Tct)

n=|

Thi du 3.17 Hay xac dinh ham E A I m

riéng cua dao dong doc cua thanh 3% ”
dbng chat c¢6 chidu dai [ mang — 3
khéi lugng m & moét ddu con dau

kia tu do. Hinh TD 3.17

Loi gidi. Him riéng c6 dang:

X(z)=A cos 2z + BsinZ al
¢ c
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e

Diéu kién bién: r=0: — =0 (3.33)

2 -
O u U

z=l: m=— T = -FAd— (3.34)

ct or

Tit (3.33) suy ra: X(x) = A" cos 2

C
Chu y rang: T = -@’T, diéu kién (3.34) c6 dang:
m(- X|,_, @'T) = -EA(X'| ,.T)

Vay:
-me* [A' cns-(il).i" = —-E:l(v-a—) A singf}f
¢ c ¢
EA
] =
_ (uf_fmw'_r-m(u__mr‘_(u s u o
9 TEAw T EA T TEAl EAl ¢
¢ c
=t Z1=-22
c ul ¢

hay: Ao S Bl
il c

Phuong trinh trén dudc goi la phudng trinh tan s6, tit day ta giai ra cac
a P g . & " g - o)
tan so riéng o,. Khi d6 ta dugc ham riéng X (r)= A, cos—=z.
C
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3.2.2 Dao déng xodn tu do

D61 véi dao ddng xodn cua thanh thing ching ta quan tim dén cac
médun cit vat liéu G, mat do khéi p, mémen quan tinh xodn I,, mémen
quéan tinh thiét dién I. Chu ¥ ring déi véi truc (tiét dién tron) ta cé
L=1I

Thi du 3.18 Tinh cac tan s riéng va ham riéng cua dao dong xoin
cua truc duge cho trén hinh a, b, ¢. Truc c6 tiét dién tron, mat do p va
moédun cit vat liéu G.

[ Lgi giai. Phuong trinh dao dong
- i xoén tu do:
A e = 5 Po_ 200
i ot? oz’
e e .].
b) Z " , _GI, G
1/2 Vi ¢l =—==—
pl, p
4 7
& P 7 Nghiém cta phuong trinh c6 dang:
Hinh D 3.18 plEty= XELTG)
voi: X(:r:)zAcosE)—:s+Bsin£m
c c

Cac hang s6 A, B duge xac dinh tit diéu kién bién

Diéu kién ngadm: ¢ =0= X =0

Diéu kién bién tu do: 0= M = g—“’afp =X =0
A

a) X'(0)=0=>B=0= X(z) = Acos 2z
C

XN)=0>sinll=0>0, = -;inﬂ'
C

-~ 5 -~ wl nx
Vay ham riéng X, = A cos—z = A, cosTm
- e

b) X(0)=0= A=0= X(z)=B.sinZz
' o



Chuong 3 DAO DONG TUYEN TiINH HE VO HAN BAC TU DO

149

X'(!)=0:>cos~(££= 0= w, :E«EH_]H
c l 2
; " i . @ . 2n-1
Vay ham rniéng X, = B, sin—=z = B _sin I
c
c) X(0)=0= A=0= X(z) = BsinZz
c

X(E)=0:>sin—aiff=0=->a}ﬂ :%nn’
c

A N “a . @, . nr
Vay ham riéng X, = B, sin—z =B, sin—z.
c !

Thi du 3.19 Xac dinh tin s6 dao dong riéng cua truc cé tiét dién
ngang tron mang 2 dia 6 dau (hinh TD 3.19). Cho biét mémen quén tinh
cua dia bing J,, J, truc ¢6 mat d6 khoi p vA mémen quan tinh cuc clia

tiét dién I

:E)

Lai gidi. Phuong trinh dao déng tu
dJ, Jy do:
2 2
; 70222 (ygi ¢
ot* oz~

Hinh TD 3.19

Nghiém ctua phuong trinh trén cé dang:

o(z,t) = X(2).sin(wt) véiX(z)= Acos 2z +BsinZz
C [

Véi diéu kién bién:

ta nhan duge phuong trinh:

yo,
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i

(G’IF fi’].B +(Jw)a=0

(Gfﬂ 2cosﬂ -J sinﬂ).B —(G'Ir, EE-sinﬂ +J,0° cos ,B)A =0

C

véi: p=21.

[
Diéu kién dé hé phuong trinh trén ¢6 nghiém khéng tam thuong la dinh
thidc cia noé triét tiéu. Ti dé, ta duge phuong trinh xac dinh tan sé riéng:

k o+ k, 3
(_'_z-ﬂ_ vai k. =L
(kazﬂ - l) J{!
Thi du 3.20 Mst dia c6 moémen quén tinh d6i véi truc x 1a J duge gin

cling vao diu tu do ciia médt truc dong chat, thiét dién khéng doi dai !
(hinh TD 3.20). Xac dinh phuong trinh tan sé dao déng xoén cua truc.

J
tgf = k, = J—’,J” = pll,

]

I Lai giai. Phuong trinh dao déng
J xodn tu do cua truc

M

az'u- .. 62'U.
i =G 3
ot- or*

RN
x
i
|
|
|
|
|
i
|
=

(véi ¢* = E)
p

e
Ty

2 Diéu kién bién:
Hinh D320 '?

z=0:90t)=0
§=ds M. =M, =50 20H=-g28
gt ¥ ax at
Nghiém dudc tim dudi dang ¢(z,t) = X(z).T(t)
T = -&*T
rit ra: 2
X'+(2J X=0=X=AcosZz+Bsin%z
c c c

ta tim A, B tit diéu kién bién
2=0:X(0)=0=A=0= X(z)= BsinZz
C

z=1:GIX'().T =-JX().T =J.X() T = G.IX(l) = &*J.X(l)
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3 ) (1
— G,IJBE}—COS—{?‘I = &*J.Bsin 21 = ty it i )
e c c g ewat
Gl 1. :
= Atgh = —L— =L e g =2
e*d J ¢

3.2.3 Dao déng doc cudng birc

Thi du 3.21 Xac dinh dao déng doc cudng bic cia thanh mét diu
ngam chat, d dau kia chiu tac dung cua lue F(t)=Fsin(Qt) (hinh TD
3.21).

Nghiém cudng bic cua bai toan duge tim duoi
dang

l i Loi giai. Phuong trinh dao dong doc cia thanh
I -
xV|i c6 dang

f u , Fu

| -~ 52 =% ~_2

| Gt (1

|

|

|

I F sinc u'(z,t) = X (z)sin Q¢

Hinh TD 3.21 Thay vao phuong trinh trén ta dude

-

X (9) X =0

c

: Q .
=X = B cc:s—x%»ﬁ'2 sin —z
c c

" Q Q
Vay: & (1,1) = [BI cos—z + B, sin—:r} sin Qt
c c

Do diéu kién bién khong thuan nhat
z=0: u(0,t)=0

- EAa—u=E_3inﬂt
oz
F
ta nhan duge B, = G; B, = o, lQ
EAQ cos—1

C

Vay dao ddéng doc cudng biic clia thanh c6 dang:
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Fec

u (z,t) = s 9) singm. sin Qt .
EAQ -cos—1 €
[
Thi du 3.22 Mot thanh ¢6 mot diu tu do, mét dau chiu kich dong dong
hoc theo luat u=uys#n(£X) nhu hinh TD 3.22. Xac dinh dao déng doc binh
6n cna thanh.

Loi gidi. Phuong trinh dao dong doc cua
thanh: ki O ¢ e R uSin(X

2 2
08 v 0. 0 (3.35)
P

c T }

ot? oz’
voi cac diéu kién bién:
z=0: u(0,t)=u,sinQt

3.36
g ki @(E,t)=0 : :
oz

:
|
:
|
:
|
:
|
'
|
.
|
:
|
:
I
:
I
:
I

B

Ta tim nghiém binh 6n dudi dang: Hinh TD 3.22
u(z,t) = X(z).sin Qt (3.37)
Thé (3.37) vao (3.35):
2
X"+ [9) X=0
C

. 2 Q ..
nghiém c6 dang X(z) = B, cos?m + B, sm?a:

Vay nghiém cua (3.35) c¢6 dang:
Q Q
w{@ ) = (Bl cos—z + B, sin—a:)sin Qt
c c

Thay vao diéu kién bién (3.36) ta dude
Q
BI = ‘bﬁu BZ = (tg:f)uo

Vay: ulx, t) = u, I:cos—q T+ tg-g-l- l.sin 9-{' sin Qt (3.38)
c c c
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Chi y rang truong hop céng huong xdy ra khi g _Qg &
f2

hay — Q=(2k+ 1)%% k=12,..

Thi du 3.23 Mot thanh c6 ddu dudi mang khéi lugng m, diu trén dich
chuyén theo phuong thang ding véi luat u,=Usinc¥. Hay tim dao déng
doc binh 8n ctia thanh va bién d dao dong doc ctia khéi lugng m.

Lai giai. Nghiém binh 6n dao dong doc cta thanh duge tim dudi dang:
u(z,t) = [C] cos—z+C sin—z:l. sin Qt u,t)
C

2
¢ L 4

Diéu kién bién cia bai toan:
z=0: u=u,(t)=UsinQt
0 0
mo—7 = -EA=
ot oz

AE

g

o =1;

Tu day rit ra:

3
._._%._._._._._._._._._

Cc =U
m .
p ;‘E&COSQ + 851N @ véi U.:QUC
C,=U — i
cos ——asina Hinh TD 3.23
pul
cosg—(! -z)- Ejsing-(l - 1)
Vay:  u(z,t) = —— L8 ° U sin Q¢
cosa — —asina
ul
Bién d6 dao dong doc cuia khéi lugng m:
7, t) = <
cosa - —asina

u
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3.2.4 Dao déng xodn cudng bitc

Thi du 3.24 M5t truc déng chat thiét dién khong déi, chidu dai I, mot
dau bi ngam chat. DAu tu do chiu tac dung ngau luc cé6 mémen la M(t) =
Msin(¥. Hay xac dinh dao dong xoén binh én cha truc. Tim géc xoin

8 R ; !
cuc da1 ¢ mat cat r = 5"

Loi giai. Phuong trinh dao dong ]
xoan tu do clia truc: 5 «
7]
Pl o L BN R £ X
ot- ox* P ™%
. . . » M, sin Q)
Ta tim nghiém binh 6n dudi dang: g ¥ 9
r,t) = X(zx).sin Qt i
#lat) = Xz).sin Hinh TD 3.24
Thay vao phuong trinh diu ta dudgc:
X"+ (9] X ==y Xis)= Acosgr - Bsiu-—qz
¢ c c

Diéu kién bién:

z=0: X(O)=0::>A=0:>X(3:)=B.sin—%;c

c
Cp .
r=10: M, =Gl —(Lt)=M =M sinQt
[ ax o
= . : Q Q
= GJ X'(l).sinQt = M sinQt = Gl B—cos—1=M,
c c
oy B e M,
GI, i3 cos i l
c [

Vay nghiém binh 6n ctia dao déng xoin cé dang:

M
o(x,t) = 9 = a sing.t sin Qt
GI, —cos —I =
o - c

i S ; . g o w &
Tai méit cat z = > biéu thuc dao dong xoan binh 6n c6 dang:
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s

LN . |
e AT = =111
2 GI Q COs Q { 2¢

o c ¢

csin O

Khi sinQt =1 thi go(é—. t)dat cuc dai. Vay ta co:

) ({ i)= M, sin o
R GI, 9 cos 9 2¢
c c

3.2.5 Mét sé bai toan md réng

Thi du 3.25 Cho mot truc dong chét hai bac nhu hinh TD 3.25. Bac i
(i=1, 2) c6 chidu dai [,, dién tich tiét dién A, Lap phuong trinh dé xac
dinh tin s dao dong doc cua truc.

Loi giai. Nghiém cua phuong A,
trinh dao déng doc tu do dude tim A,
dudi dang: . [PETCR, (S i)

u(z,t) = X(2).T(t)

S\NNNN

A\Y \\\\I

: : ; ) ;
Truc gom hai doan, ta goi doan 1: & e Ly

xe([0,1,]; doan 2: xe(l,, 1]. ]

Trén moi doan ta c6 ham riéng: r Hinh TD 3.25

, @ LW :
X(z)=DB cos—x+D sin—ux T
c ¢

; ou . .
va lucdoc N = AE — vdi x € doan 1
T

N = A’EE[—Bt sin g + D COHEJ:]TH}
C C c
d doan thit nhat: x€[0, /,]:
2=0: N=0 = D =0= X =B cos—z

C
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u(l) = B, [cosE)-EJT(t)
5 (3.39)

zzil.

N()=-AEZB (sinﬁtl)T(t)
cC c
d doan thit hai: x[l,, ]
u(l) = [Bz cos 21 + D, sinftl]'f(t)
z=1: . . (3.40)
N(l,) = AZEQ[—BI sin=1 + D, cos—1, ]T(t)
C c c

Tu (3.39) va (3.40) ta co

W W . @
BI cos—I = Bz cos—1 + J‘J'2 sm-—-—i’l

c c c (3.41)
—ﬁB’1 sinfulafI = --1‘32 sinlgi.'l +JD2 cosgll
c c c
=» B, = B (cos’ ﬂil +-Alsin22£l)
c c
D, = B(l —i)cosgafl.singof1
- c c
@ . @
z=1: wul)=(B cos;!z + 0, sm:lz) =0
oy BI [(coaz Eti +isin2 Ell}:osﬂlz +[l —ﬁlcosgl,.singil.singfzjt = [)
c A1 c ¢ A.: c c ¢

Vay phuong trinh téan sé: %tg(% L) = cotg % (4, -1) (3.42)
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3.3 Dao dong udn ctia dam Euler-Bernoulli

3.3.1 Dao déng uén tu do cua dam

Thi du 3.26 Thiét lap phuong trinh vi phan uén tu do cia dam va xac
dinh cac tdn so riéng d6i véi cdc mo hinh trén hinh vé. Cho biét dim

dong chat c6 tiét dién khong ddi, d6 cing chong uén EI, khéi lugng don
vi dai 14 .

a ¢ \
b
?‘ ] d = e |
~ 7
Hinh TD 3.26

Loi gidi. Ap dung nguyén ly d’Alembert cho mét phan t& dx cha dim
déng chat, ti€t dién khong d6i, ta nhan dude phuong trinh dao déng udn
tu do:

v u w
+ — =
éz'  EI 6t
Theo phuong phap Bernoulli, ta tim nghiém (3.43) duéi dang:
w(z, t) = X(z).T(t) (3.44)
Thay (3.44) vao (3.43) ta dude phuodng trinh:

(3.43)

X")(z) - [i:‘-}‘ X(z)=0 (3.45)

2 2
v6i A =22 *hay w = [i] = (3.46)
ET l J7;
Nghiém (3.45) c6 dang:

X(r)=C, cos(ﬂ.%)+ C, sin[ﬁ.%) + C, cosh (/’L%) +C, s'mh(l—:;i) (3.47)
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Cac hang s6 C,, C,, C;, C, va A dude xac dinh tir diéu kién bién.
Chu y: Vi cac diéu kién bién théng thuong:

+ G61 tua ban 18: dd vong va mé men udn déu bang khéng

= X=0X =0

+ Ngam chat: do vong va géc xoay déu bing khong =X =0,X =0
+ Tu do: md men udn va luc cit déu bang khéng = X =0, X% =0

Bay gig, ta hay xét mot s dang lién két hay gap

a) Hai dau chiu lién két ban lé:

X0)= ¢ +C, =0
X0= - C, +C, =1}
Al = C,cosA +C,sinA +C,coshd +C, sinhd =0

X'()= -C,cosd —C,sindA +C,coshd +C, sinhd =0

Tu hé phudng trinh trén rit ra: C;= C,= C;=0 va C,sinA =0
Dé c6 nghiém khéng tAm thudng (C,# 0) ta dude: sin A =0

Day chinh la phuong trinh tin s8, nghiém chua né 1a véi: A, = kr

hay cic tan sé riéng: o, = (if-] L) k=1,2..
\ u

b) Pdu trdi ngam, dau phai tu do:
X(0) = C, +C, =0

X'(0) = C. +& =0

X'(l)= -C,cosd -C,sind +C,coshd +C, sinhd =0
X = C sind -C,cosd +C sinhd +C, coshd =0

Tu day nit ra C,=-C,; C,=-C, va:

C, (cosAd +coshd) +C, (sind +sinh 1) =0
C, (sin A -sinh 1) -~ C, (cos A + cosh 1) = 0
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Dé c¢6 nghiém khong tam thudng C? + C; # 0, dirh thie cua hé phuong
trinh trén phai bang khéng:
(cosA +cosh i) (sin A +sinh A) |

=0
(sin A —sinh ) —(cosA + cosh 4)

T day ta nhan duge phuong trinh tan s6: cosi.coshi +1 =0
¢) Pdu trdi ngam, dau phdi géi ban lé:
X0= ¢ . =0

X'(0) = a +C. =i

- -

X()= Ccosd +C,sind +C coshd +C sinhd =0
X"(,{) - —C-'l cos A -C: sinA  +C cosh A +C sinhd =0
Tu dayritraCy= -C;; C,= -C, va
C, (cos A —coshA)+C, (sind -sinh 1) =0
~C (cos A +cosh A) - C, (sind +sinh ) =0
Dé c6 nghiém khong tam thuong (C‘f + C * 0), ta co;

|{c:os A -cosh A) (sinAd-sinhAd)
=0
(cos A +cosh 1) (sin A +sinh 4)

Tu ddy ta nhan duge phudng trinh tan sé: (g4 —tghd == 0
d) Pau trdi ban lé, dau phdi ti do:
X@)= ¢ +C, =0

Xiy= ~a 40 =0

X'()= -C cosd -C,sind +C coshd +(, sinhd =0
X = C sind -C,cosA +C sinhi +(C, coshd =0

Tt hé phuong trinh trén rat ra C,= C,=0 va:
{—C sind+C,sinhd =0

2

—Cz cosA +C,coshd =0
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-sinA sinh A

= siwd eewkdl 0 = phudng trinh tan so: tgA —tghd = 0.

Thi du 3.27 Thiét lap phuong trinh dao déng tu do ctia dAm dan héi
nam trén nén dan héi (hinh TD 3.27). Biét ring phan luc cia nén tac
dung 1én méi don vi chiéu dai cia dam ty 1é biac nhat véi do vong cua
dam 1a kw (k 12 hé s d4 citng cua nén). Hay tim tan sé riéng cho hai
truong hop sau:

a
by X
JFXXX XX XX XXX —>

Hinh TD 3.27
b

lxxxxxxxxun:x

A 4

w

Loi gidi. Phudng trinh dao dong tu do ciia dam c6 dang:

2 4
§?+£§T+£w=0 (3.48)
ot u o’ u

Nghiém cua né duge tim dudi dang: w = X(x)sina¥

4
Tit d6 ta duge phuong trinh: X" —(i}-J X=0

. 4
Vﬁl ;Ldl =(ﬂ32 —iJ-—'H—I" S w = ,I_E +£
uJ)E

a) Do diéu kién bién

=0: X=X =0

x=: X"=X%=0
Nén ta nhan dugde phuong trinh tan s6: cosh.coshA+1=0
Tu day tim dude: A, =~ 1,875; A, ~4,694

2n-1

A = m véin23




Chuong 3 DAO DONG TUYEN TiNH HE VO HAN BAC TU DO 161

\F 875) L k. [@69) ET Kk
W = |t — e, = [
l H U 7 -

i -
@, = [2”"15] B ¥ véin 23,
2 ul® u

b) Do diéu kién bién x=0va x=l: X"=X" =0
nén ta c6 phuong trinh tan sé: cosi.coshi — 1=0
T day tim dugde: A,=0; A,=4,73; A,=7,85

——

= D, = eyl = ’ 2 = 4
po A
Thi du 3.28 Cho dim déng chat, tiét dién khong d6i nhu hinh TD
3.28. Hay chiing minh cac dang dao déng riéng cua dam truc giao nhau.
Loi giai. Tu (3.45) ta rut ra: "
4 N

e
X:HJ =£—;-Xl(:s) w |

4 0 4 -
k J(4,?3) EL k. _ (7.85) BI k

X

— .
-~

_— Hinh TD 3.28
XJ.- = j_" Xk (I)

Nhan 14n lugt phuong trinh thit nhat véi X, (x), phuqng trinh tha hai véi
X,(x), trit di cho nhau réi 18y tich phan theo x tit 0 dén [, ta dudc
2’.‘ - )‘: ) _ x xUM)y
S [ X @)X, (e = [(X X0 - XX )do
Ap dung céng thic tich phan timg phan déi vdi vé phai, ta cé:

A‘."’ - i;_'
f"

!
[ X.@X, @)z =[ XX - X X" - X,X] + X,X, ]| /(3.49)

D6i véi dAm nhu hinh vé, ta cé diéu kién bién:
x=0(ngam): X (0)=0,X(0)=0

X'(0)=0,X(0)=0
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x=[(banlé): X 0)=0,X()=0

X(l)= O,X;(sj =0

1
Thay vao (3.49) ta dugc [X,(2)X,(z)dz = 0 khi i # k. Vay cdc ham riéng
1]

truc giao vdi nhau.

Thi du 3.29 Hay ching minh tinh chit truc giao cua cac ham riéng
cta dim cho trén hinh TD 3.29.

Loi gidi. Diéu kién bién:

l x

>
ic

i

L

r_l
T

x=0 (ngam):
X (0)=0, X,(0)=0, Hinh TD 3.29
X,(0)=0,X,(0) =

x=[ (tua trén 1o xo):
MLt)=0= X" (1)=0,X] (I)=0

luc cit Q—Fd,,:>EI é =cw= X, (I)= —X D X, () = X (0

Thay cac diéu kién trén vao (3.49) ta dugc:

Al - .I{“

%

_[X (2)X, (z)dz = [X;U)“EE X~ Xl.(i)Eka(E) -0+ 0] -0=0

Vay cic ham riéng truc giao véi nhau.

Thi du 3.30 Mot dam don gian chiéu dai 1 nhu hinh TD 3.30. Tai thai
diém £=0, ta gd dot ngdt nhat bia vao vi tri x=d, xem rang né tao ra van

; . g s s
toc v, chi trén khoan [d -——,d +—], d
: = [T I
doan con lai coi nhu khong chiu tac > g€ 7777
dung. Tim dao dong :1011 cua dam. w Hinh TD 3.30
Loi giai. Nghiém tdong quat c6 dang
w(z, t) = Zsmn—(A, cosw,t + B, sinw,t)

n=1
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" [mr)z El
volrT o, =| — o
! \} H

Diéu kién dau t=0:

w(x,0)=0=> A, =0(Vn) = w(z,t) ZB amn—ﬁ—?smwt

S S
7, .T:E|:d——,d+—}
ow 2 &
i s s
0 z¢ [d -—,d+ —]
2 2
J+; j s
. T i, nrr| -
— J.a:!"BH sin 'n,—da: = J Y, sinn—dz = —-—~ cos
) l nw l .
’f‘; ri—-:-
4yl | nad . nns
— B, = —>—sin-—sin
nrlo, [ 21
4dv,~>~ 1 . nad . nas . nxz
=5 w(z,t) = — z sin sin sin sina)t .
T o nao, 21 l

Thi du 3.31 Mot dim don gian chiéu dai /, mot ddu gin chét ban 18,
mét dau tu do & vi tri nhu hinh TD 3.31. Néu dam quay nhu 1a mét vat
ridn dén khi cham vao géi ¢6 dinh B (khéng tiéu hao ning lugng) va sau
d6 khong roi khoi goi B. Hay tim dao dong tu do ctia dam.

Loi gidi. Sau khi va cham, dim dao dong tu do véi dang:

w(z,t) = sm.ﬁ.—(A cosw,t+ B, smwt)

i o _[(*7Y [ET e
BTN e o Hinh TD 3.31

Diéu kién dau ¢=0:
w(x,0)=0 = A,=0 Vk
ow

—(z,0)=wz=B =~
ot krw

o
k=

coskm .
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Ta tim @ ti dinh 1y bao toan ning lugng:

l(lmlz)mz = -%mgh:w = %,{3gh

253
= B = ——-————zk"' 3gh coskr = (- I)M g ,39’
T

k

sin cokt

Vay w(z,t) = 2\/3_3;“2( 1)“' "!

Thi du 3.32 Ddm  don

gidn chidu dai [ chiu tai P

phéin b& déu véi cudng dd 1 A % .
77777

p nhu hinh TD 3.32. Tim
nghiém dao déng ctia dam
khi dot ngdt cat tai. N

Loi giai. Nghiém dao

; Hinh TD 3.32
dong udn tu do c6 dang

w(z, t) = z sink ﬁ—f (A;- cosa,t + B, sin mkt)

k=1

- kx '\ [EI
VOl L’Uk = T 7

Diéu kién dau ¢ =0:
ow
—é‘?(x,O) = kaB smk-—~ =0 = B,=0 Vk
= w=ZA}sink%cosw&t
k=1

Trude khi cit tai (¢=0), ta co:
54

4
(3:0) P :EIZA [kf J snk-?:p

i

kg o T [I] T
— FIA|—| —= sink—dz = p| — |cosk—| ¢
A*[z)z ijl T P

T 0
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al’p khi k 1@
= A ={Elk'x’
0 khi k chin
2 dpl* & 1 . (2n - Drz
Va wiz, t) = sin sw. 1
Y e = e LG R

Thi du 3.33 Mot dam don gian chiu lde tac dung cua lyc tap trung F,
nhu hinh TD 3.33a. Dao dong cia dam sé nhu thé nao néu luc F, dugc
do6t ngot cat bo?

| a
., x.  F(-a) x
A—> — -
P ! ‘Tﬂ 0 o F,a
“V i | Hinh TD 3.33 b) !

Loi giai. Nghiém dao dong tu do cha dam:

w(z,t) = ;sin k%(Ak cosw,t + B, sin a)kt)

s kz\ [EI
vl ﬂJl_ = T ?

Diéu kién dau t=0:

—f—%(a:,ﬂ} = Zmka s.ink%E =0=B,=0 vk
k=1

. I
=5 w = Z Ak sin k—-msmkt
1

k=
Trude khi cat tai (¢=0), ta co:
8w

or’

) gl

= ~EIZ A [k—f-) cos k% =Q

k=1
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krY' 1
= ~EIA, [T) = an cosk = dz
oY i ! T
= A* :[WJ EJQCOSk'!—dx
Chd ¥ ring, trudc khi cit tai Fy, luc cit Q cé dang nhu hinh TD 3.33!.,
@ 0<zr<a
b — .
@ Fla
- gL sl
A
. FE(l LF 21'F
A = 2134 : J'“( a)coskf—x—dm— ~C cosk 2L dz | = — sin k22
En* BE|s 1 & ! k*n*EI !
" 2FEI' & 1 . kra . kaz
Vay w(z,t) = x‘ﬂjgk_“sstmTcosm“t

3.3.2 Dao déng uén cudng birc cua daim

Thi du 3.34 Cho dim déng chat thiét dién khong d6i, chiéu dai I, ¢
d4u bén phai chiu tac dung mdt luc diéu hoa F,cosQt. Hay xac dinh bién
d6 dao déng cua dam & diém chiu lue

tac dung. 7 FcosX
Lai giai. Phuong trinh dao dong cua ; pé
dam: i
2 4
Ow 20w _ .2 Bl \Z: (3.51)
ot? oz’ : 7
Hinh TD 3.34

Diéu kién bién:
w(0,t)=0, M(lt)=-Elw(,t)=0

z—"”(o,t) =0,  QUt)=-Elw'(,t) = FcosQt
T

Ta tim nghiém binh 6n duéi dang:
w(z,t) = X(z)cos Qt - (3.52)
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Thé (3.52) vao (3.51) ta duge phuong trinh:

2
SO & X=0 (3.53)

e
Nghiém cua (3.53) theo [1] ¢6 dang:
X(z) = C, coskz + C, sinkz + C, cosh kz + C, sinh kz (3.54)

v \/_‘ = JE—T

Chi v dén cac diéu kién bién trén ta c¢6 hé phuong trinh:
X(0)=0:C +C, =0
X(0)=0:C,+C, =0
X"(1) = 0: -C\coskl - Csinkl+ C coshkl + C sinhkl =0

F,

F
X"(1) =- : Csinkl - C,coski+ C sinhkl + C coshkl= - z
EIK'r

Tu bon phuong trinh trén ta suy ra:

F g :
T TN, ... kl + sinh kl

: ? 2EIE'’ 1+ coskl cosh ki
" A n _ coskl + coshkl
) 2EIE°T" 1+ coskl.coshkl
Thé C,, C,, Cs, C, tim dugc vao biéu thitc (3.54) ta duge bién d9 dao dong
cua diém dau dam bén phai:
F, sin klcoskl — cosklsinh kl
X(l) = 33
EIkl 1 + coskl.coshkl
Thi du 3.35 Cho mét dim ddng chit, tiét dién khong d6i, chiéu dai {

chiu tac dung cua tai trong ngoai phan bd déu cuong do 1a FysinQt. Hay
xé4c dinh dao déng uén binh 6n cua dam.

FosinX Loi giai. Phuong trinh
x dao dong udn cé dang:
> Pw ,0w F .
—+ " —=—sin 2
i 17777 2" u
wo | Hinh TD 3.35
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trong do: ¢* = =
7,

Nghiém binh &n ctia phuong trinh trén duge tim duéi dang
w(z,t) = X(z)sin Q1

Thay vao phuodng trinh trén ta dugc:

; F
X.fl' “_ZX:—i"

2

¢ ue
Nghiém cua phuong trinh nay ¢6 dang:
F

[4]
2

X(z) = C, coskz + C, sinkz + C, cosh kz + C, sinh kz —

véi: ke \jg =L
¢ EI

Thay nghiém trén vao cac diéu kién bién:
X(0) = X"(0) = X(I) = X"(1) = 0

ta dudc:

F E ! B !
u

cos k(% —z) coshk(

2 cos(k %) 2 cosh(k

Thi du 3.36 Hay khao sat p
dao dong cua dam khi cho luc ‘-g——’l v ELp .
P,=const tac dung doét ngot

lén dim ¢ tiét dién x= a, va
xac dinh su bién d6i cha ting
sudt phap cuc dai & tiét dién 1

trén. Biét ring dadm dong chat |
c6 khéi lugng theo chidu dai Yy Hinh TD 3.36

la u.
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Loi gidi. Phuong trinh vi phdn dao dong cua dam c6 dang:

2 4 P
2 w EI ot =25 -a) (3.55)
c?t‘ u o' pu

Khai trién ham 8(x — @) ra chudi cic ham riéng cia dao déng tu do:

(z - a) ZC Slnk

- jcﬁ T - a)Smk—dx = %smk"—?

Nghiém cta phudng trinh (3.55) duge tim dudi dang:

w= ZT{E smk——

k=l

Thay céac biéu thic trén vao (3.55) ta dugc:

T, + EI( )T_?-£SI 2 k=12,
7, [ | u l

Tai thoi diém ddu ¢=0: T, = Tk =0, vi vay nghiém cta phuong trinh trén

c6 dang:
2P, Smk? ) o
T = [1-cosayt]véi @, = |—|k—
Elk*z* ’ u
2P1‘ = ]

Z-—sm k— sin k —(l - coso,t)
Effr l
Momen udn ¢ mot tiét dién tuy y cua ddm bang:

M =EI

2 x
e 2= 2P£ Z ;12 smk— 3111kT(1 - cos w,t)
=|

oz’

Ung sut phép cuc dai & thiét dién c6 luc tac dung bing:
M 4 ol

3 _JI‘LV 2 Fsu LT(I—cosa)ﬁ)
T lr=n |

max |

W, 12 mémen chéng udn ciia mit cét.
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3.3.3 Mét s6 bai toan md rong

Thi du 3.37 Trén mot dia, ngudi ta gin ban 1€ mét ddm nho (hinh TD
3.37a). Dia quay véi van toc goc Q. Viét phudng trinh vi phan dao déng
udén nho cua dam.

4
X
. >
Ox
Y
Z qz qqt_
b) >
»
A pw

al
Fa

g

Lai gidi. Chon hé truc toa d
Oxz gén véi dia nhu hinh vé
Hinh 3.37b vé thanh ¢ thoi
diém tuy ¥ khi d6 hé luc doc
chiu tac dung cua luc quan tinh
phan b6 ¢ duge phén tich theo
hai phuong x va z thanh 2
thanh phén.

q, = pzQ’

g, = pw’

Xét mot phan t6 c6 chiéu dai dx
(hinh 3.37c). Cac luc c6 dang
nhu hinh vé chiéu 1én phuong z
ta dudc:

2

o‘w
—p¥+dQ+qz.d3:+
(N +dN).sina — Nsina =0
Chu y ring:

sinaxa;sina'=a'~a+da

N+dN 6w _9Q v
y @rdQ T gy
o nén phudng trinh c6 dang:
Hinh TD 3.37
0w 5, ow
+ ET -q,.dr-—(N—)=0 3.56
ot W N5 (8.58)

Luc doc N phu thude vao q, va chi y diéu kién bién:
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{
1 .
N = dr = — 1 Q*(I* - «*
JQ.; 2,‘[ ( )

Thé vao (3.56) ta dudge

5:w 6 w g O T s
= '+ M R T - E-
M 5f2 6 = 1w + 1Y I 2 (

Thi du 3.38 Thiét lap phudng trinh tdn s§ dao dong uén cua dam
ddng chat tiét dién khong doi c6 dang nhu hinh TD 3.38

0O x

Hinh TD 3.38

Loi gidi. Theo [1], ta chia dAm lam hai doan, ham riéng méi doan cé
dang nhu sau.

Doan 1: x€[0, b]
X, (z) = C /8 (Az) + C,8,(Az) + C,S,(Az) + C,S,(Ax)

Doan 2: xe[b, 1]
Xz(z) =C§, (Az)+ C.S,(Az) + C;S](An:} +C,S,(Ax)
trong d6: A* = %cgz va S, S,, S, S, 1a cac ham Kruld) (ham Rayleigh)
Xét cac diéu kién bién:
z=0:X = X:' =0=C =0C,=0=>X(2)= (;'2_5'2(1:5) +C,.5,(Az)
z = b: dich chuyén X,(b) = X,(b) =0
goc xoay X/ (b) = X (b)
mémen udn X/(b) = X;(b)
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\
X,
= Bl ——=
oz’

, i
luc cat EI—

oz’ e

y=h

r=h
g day R 1a bién do6 phan luc 6 dé.
Tit cac diéu kién bién ta rat ra dudge:
R
X2($)=Xf(x)+mg" [fJL('II'"b)] (.’I.’E[b,.'!])
(Vi §7=25va §5,(0)=5,(0)=0,5(0)=1)

VAy ham riéng trén toan dam:

X(z) = C,.8,(Az) + C,.S (Az) + LT S, [A(z - b)].y(z - b)

0 khi z<b

trong d6 y(z -b) = {1 EE

Xét cac diu kién bién con lai:
z=b:X(b)=0

p=l:X'=X"=0
ta dudc:

C,.8,(Ab) +C,.8,(Ab) = 0

R

1C,.8,(Ab) + C,.8,(Ab) + P S,.[A(l-b)]=0
R

C,.S,(Ab) + C,.S (Ab) + T S.[At-b)]=0

Dé c6 nghiém khéng tdm thudng, dinh thitc cia hé phuong trinh trén
phai triét tiéu:

S,(Ab) S, (Ab) 0

S,(Al) S,(Al) S, [At-v)] =0

S(Al) S (Al) S [A(l-b)]

Day chinh 14 phudng trinh tin s8 ¢6 thé khai trién dudi dang:
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S,(A4).S,(Al).S, [A(l - b)] + S,(Ab).S,(A).S, [A(L - b))

(3.57)
~S,(Ab).8, (A)., [A(l - b)] + S,(Ab).S, (A1).8, [A(t - b)] = O
Thi du 3.39 Ap dung céng O x
thic Rayleigh, xac dinh tan sé —>
riéng cd ban cua didm hai dau
g1 ban 1é va: ; 7 ] /
. Uk 3 |
El = EI, [l + sin T] x l Hinh TD 3.3
u

H(z) = p, (l + sin %)
Loi giai.

Ap dung cong thic Rayleigh:

. [EI@).(f (@) do
ey (3.58)
et Jp.fz (z)dzx

-

(LJR =

Vi ham riéng f(x) = sin%thoé man cac diéu kién bién
weloxet=0 =0

nén thay ham riéng f(z) = sin% vao (3.58) ta dugc:

i 3 2\? ;
IEI” (E + sin Er—] 4 =2 dn? ™ de
2 ! I P

s max_ _
n = ! 3
T . RXEY . I EX
max J-‘uﬂ (.l + sin _______) : Slnz — (f_'f,'
n I i
¢ rz\ T

y I(l + sin —) .sin® — dz 4

2 w EI{J 0 ! . id EI{J

wﬂ:F—- E nr 4 TT 241?_:’:_.—
Ho j(nsinT) sin’ 2 do Ho

0
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£,

= ~ -~ .. 5 Tz
Vay tan s6 riéng ¢d ban @, = 2. l(nif,— \/
Thi du 3.40 Viét phuong trinh dao dong uén nho cia dam Euler
Bernoulli dong chat tiét dien khong dai. khi cho Ide nén N khong do1 tac
dung lén dam (hinh TD 3.40). Tim céac tan s6 dao dong riéng cua no.

N @

o N

T" 7. RaR
w

Hinh TD 3.40

(-?3 W

—
Ll PE

Loi giai. Xét mét phan té c6 chiéu dai dx. Chiéu cac luc tac dung lén
phudng w ta dude:

2

o

ﬂf; L~ dQ) - Ndgp =0

—pudir

Mat khac. d6i véi dam Euler Bernoulli dong chat tiét dién khong doi ta

CO:

3 P AT AL
% 7 | AT
d() = e the = —dr = EI dr
Dien - on JOOEC
o 7 bar
bl
2 & w
dep = v dy = — dr
au P75

Thay vao phuong trinh dau ta dude;

2_‘ 4 :1
yﬂ+ElﬁI:J+N§*if‘:0 (3.59)

2 =
ot ot cr

Nghiém cua phuong trinh (3.59) duge tim dudi dang:

d T
W= sinn— | T (t
$ )

T |

Thay biéu thic trén vao (3.50) ta dude
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—

o Ir 2Bt N7 oY)
P oalfpt Bl o] 2wl wid.
' ' \ £ J

s At - b ~ j g 1
[an 26 dao dong cua dim w, = v ”T
Thi du 3.41 Cho dam Euler Bernoulli nim trén nén dan héi tuyén
tinh véi hé sd cling k. va bi nén bdi lue N nhu hinh TD 3.41. Viét phuong
trinh dao dong ngang nho cia dam va tinh cac tan sé6 dao dong cua nd.

Loi giai. Ap dung cach giai cia thi E Il IN
du 3.27 va thi du 3.40 ta c6 phuong = X
trinh dao dong ngang nho cua dam: W W k
e = =2
> e 7w :
WL - L T Hinh 1D 3.41
! i (::I.I' Vel

Nghiem cua phuong trinh duge tim dudi dang:

v =3 (s ).

el

Thay vao phuong trinh trén ta duoc:

. ( V' ElI N o
e +{{ HE} 2] ——('HEJ +£§|T:J =0 0 2 i SR
\ !/ m u [ ,uJ
Tan s6 dao dong cua dam:
( T ) EI N ( T ] Ji
w = ln= ———|n—| +—
[ i nu [ Iz
p(x.t)

Thi du 3.42 Thiét lap phuong
trinh vi phan dao déng uén cua mm X

dAm dong chat tiét dién khéng XXX XK XX XX é

do1 dat trén nén dan hdi tuyén

tinh véi hé s& citng phéan bé 1a I 7
k., chiu tdc dung cua luc phéan \
|)(3’p(){.t). w Hinh TD 3.42

Tim nghiém binh 6n khi p(x,t)=F,cosQt.
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Loi giai. Ap dung nguyén 1y d’Alembert cho mot phan té cia dam ta
dugc phuong trinh:
G*w EI é*'w k 1
S + +—w =—p(z,t)
ot u " u U

Khi p(z,t) = F, cos Qt, nghiém binh on cia phuong trinh trén duge tim
dudi dang w(z,t) = X(z)cos Qt

Thé vao phuong trinh dau ta dudgc:

F )7, k
X* BN o Dol ok bl O
& E‘IV1§ *’EI( #)

Nghiém cua phuong trinh nay c6 dang:

F
X(x):Clcosé’x-i- C,sinéx +C coshéx +C sinhéx ‘—q”k_
€ -—)
7

T cac diéu kién bién:

X(0) = X'(0) = X() = X"() = 0
ta duge:

F F
CI :Cq: ] ’Czu 0 tg(gi),
k 2 k c
2.“[92 ——J 2;:(!.'1 ——-J
8 H
F
2#[.0"’ ~ E] ¢
7
l l
Fo|coséG-a) coshé(s-a)
Vay: w= . 2 7 —1¢cos Qt
u @ i 2 cos(€ =) 2 cosh(& =)
H 2 2

Thi du 3.43 Mgt toa xe chay déu trén dudng ray thang duge mé hinh
hoa 1a mét luc P,=const chuyén dong véi van téc v khéng déi doc theo
mét ddm déng chat trén nén dan hoi tuyén tinh véi hé s6 & nhu hinh ve.
Hay tim d6 vong clia dam, biét ring khi ¢ =0, Iuc ndm & géi tréai.
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)

------------------------ --—-?
EEEEEEEEY.
/7//////////’/////;//// 7
wh [

Hinh TD 3.43

. Loi gidi. Phudng trinh vi phan dao dong ctia dam la
5 by B B

- EH,U +Ea if +£-w =—L6(z - ut)

ot u 0z" U

Tinh toan tuong tu nhu muc 3.3.b ([1]) ta dudc

. nw nw .
sin— vt - ——sma,t
2P nT lo,
w(z, t)=—2) sin— :
J n=l 2 (ﬂ.JT )
@, -\

vl B =—

Bai tap chuong III

3.1 Ta xem rang khi gd manh va nhanh vao gitta soi day (c6 hai dau
budce chat) dang ding yén, diy duge truyén van toc dau theo quy luat
vox(1-x). Tim chuyén dong cua day.

83 - \ -
Bdp s6: w(z,t) i Z(Zn— % [sin(2n~l)£n‘_ 5 l)m:

Bl ==

3.2 Mot day déng chat chiu <_.‘.i__.) FcosQt
dai [, duge ¢§ dinh 2 ddu va
chiu luc tac dung FycosQt tai
diém x=d cua diy. Tim
nghiém binh 6n cia dao déng L
day. w

5

._\.k.______i-,

Hinh BT 3.2
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. nrd
) 27 & Bin—— 008 Qt Yo
Ddp s6: w(z,t) = —* z —  —sin—u=
H ontre - l

3.3 Mot day cap dong chat chiéu dai I dude bude chat hai dau. Day cap
dugdc nhing vao nude va c6 hé s can ty 1é theo chiéu dai la p. Mot luc
F,cosQt tac dung tai diém x= d cia day. Tim nghiém binh &n cta dao
dong udn cua day.

2F sin %d sin(Qt +y, )

Dap s6: w(z,t) = sinn 2=
n=i ‘jy Qz + 6 g ﬁ l
Vil 1) =n£g;c0tgw. =—~——~~—w’5’r2 -
R "op(el -QF)

3.4 Mot day déng chat chiéu dai / duge -9
¢6 dinh mét ddu con diu kia chuyén A7
~dong theo luat w = AsinQt (xem hinh l i I
BT 3.4). Xac dinh nghiém binh 6n cia [€ >
dao dﬁng udn cua déy. LUV Hinh BT 3.4

. =z

s1n —
Ddp s6: w(z,t) = A ét sin Qt

Sin —

"’ B n
3.5 Dung phudng phap Rayleigh - 008 - R
xac dinh tdn sé riéng thap nhﬁ't;>7 T T
caia hé cho trén hinh vé. Khai ! !
lugng m gin giita ddm, dam c6 dé T
ciing chong uén EI, khéi lugng mot Hinh BT 3.5
don vi dai thanh 1a 4 Chon ham
riéng 1a f(x) = sin%.
E uS 11 m
Ddp 56’ B r? EI f ]
dp $6: o, =—
41V pl+m A 1/2 1/2

3.6 Dam dao déng uén nhu hinh vé. Diing :
phuong phap Rayleigh xac dinh tin sb Hinh BT 3.6

riéng thap nhAit.
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12 2] + o (
2 1 — —C
Chon ham f(z)=3% -2 = @=—AL 064
I 33
— ul + 4m
35
nEL
Chon ham f(z) = T M wp = A6
21 pl+2m

EI(z /1) +2c
ul+2m

Ddp s6 w,, = J

3.7 M6 hinh co hoc don gian caa mot tén lua trong khéng gian 1a dAm
dao dong uén cé hai dau tu do. Cho biét m=4000 kg, =12 m, EI=2,6.10°
Nm? Hay tim phuong trinh dic trung, cic tri riéng va hai tan sd riéng
dau tién cua tén lia.

Ddp s6: Phuong trinh déc trung: cos Acosh 4 = | p :
s
w
A ~(2n+ 1)%
Hinh BT 3.7

0, =434 s'; 0,=1196 5™

3.8 Mot dam dai 1=5 m, khéi lugng don vi dai p =160 kg/m, d6 clng
chéng uén EI=1,25.10° Nm? DAu ddm bén phai ngam chat, ddu ddm bén
trai c6 thé quay tu do, khong dich chuyén theo phuong thang ding (hinh
BT 3.8). Hay tinh toan dao déng tu do ctia dam, cu thé 1a

a) Cac diéu kién bién SN
N v
b) Phuong trinh dic trung N I
| e : \ A

c) Tri riéng va tan s6 riéng dau tién. AN

Hinh BT 3.8
Ddp s6°
a) w(0,t)= w(l,t)=0; w’(0,t)=0; w”(1,t)=0
b) tgh = tgh
c) A,=3,9266, v, =545 s™.
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Chuong 4

Tinh toan dao dong bang cac hé chuong trinh
MAPLE, MATLAB va MATHCAD

4.1 Gi6i thiéu chung vé cac hé chuong trinh tinh
MAPLE, MATLAB va MATHCAD

Cac phan mém tinh todn (con dudge goi 1a cac hé chudng trinh tinh) 1a cong cu
hé tro mét cach nhanh chéng va o hiéu qua trong viée giai quyét cac bai toan
cua khoa hoc-ky thuat,

Hién nay, bén hé chucdng trinh tinh toan da ning 1én duge st dung phéd bién
trong cac truong dai hoc va cic trung tim nghién ciu trén thé gidi la
MATHEMATICA, MATLAB, MAPLE va MATHCAD. Nhin chung, cac hé
chuong trinh néu trén déu la nhiing ngdn ngd lap trinh bac cao. ¢6 cau tric cd
ban gan giéng nhau va déu ¢ cac phién ban c6 thé chay trén may tinh c& nhan
cang nhu cac phién ban chay trén cac may tinh mang (workstations). Trong tai
liéu nay, chung té1 gidi thiéu ciac hé chudng trinh MATLAB. MAPLE va
MATHCAD dé giai mét sé bai toan dao dong ky thuat,

4.1.1 Co sé vé MAPLE

MAPLE la san pham phan mém cta hing Maplesoft®. Hing nay duge thanh
lap vao nam 1988 va c6 tru sé chinh tai Waterloo (Canada). Trong cuén sach
nay ta su dung phién ban MAPLE 10 (nam 2005). MAPLE 1a mét méi trusng
danh cho tinh toan va lap trinh tién tién véi mot tap hodp cic ham toan hoc
phong pht, méi ham tuong dudgng véi mot nhém cic chuang trinh con. Dac biét,
khi st dung may tinh ca nhén, cic cong cu dé tinh toan va xu 1y cac biéu thie
toan hoc bang chit (symbolic) cua MAPLE c6 nhiéu uu diém vugt trol so véi mot
s6 hé chuong trinh khac trén ca hai phuong dién; manh va dé tiép can. Hé
chuong trinh nay c6 mét giao dién lam viée tién lgi cho ngudi su dung, dac tinh
d6 hoa truc tiép (cho phép vé dé thi ngay trong trang lam viéce). Cac tinh nang
cua MAPLE lién tuc duge cai tién va md roéng trong cac phién ban tiép theo.
Ngudi sit dung 6 thé xem cac thong tin cu thé vé hé chuong trinh nay trén dia
chi:

hitp:www.maplesolt.comdproducts/maple/
* Giao dién do hoa trang lam viéc cuia MAPLE

Phién ban MAPLE 9.5 cung cap cho ngudi st dung mot giao dién do hoa dugc
xay dung trén ngén ngi lap trinh Java. Giao dién nay yéu cau nhiéu bé nhd
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hon so v&i cac phién ban truée. Tuy nhién, ta ¢6 thé kich hoat giao dién véi tén
goi Classic Worksheet cua MAPLE 9.5 (hinh 4.1) khi lam viéc v81 may tinh cé
téc dd thap. Giao dién Classic Worksheet c6 dang gan giong nhu cac phién ban
cli cua MAPLE.

[ iMaple 9.5 SRk
File Edt View Insert Format Spreadshest Window Help

X || (D] I

Untitled (1) - [Server 1]
L

> eq = x"M4-5%*x"2+6%x=2;

i eg=x —-5x +6x=2
[> solve(eq,x)

_ K LIRS P Y

[> sols := [solvefleq,x)];

_ sl =1 143 = 1-1=+l8]
[> sols[1] ;|

1
% evalf(sols);
[1, 1., 0732050808, -2.732050308 ]
> [1., 1., .732050808, -2.732050808]: %
[1,1,0.732050808, -2 732050808 ] o
i — | of

|[Time: 015 [Bytes: 256K [ Avaiable: 449M |

Hinh 4. 1: Classic Worksheet cua MAPLE 9

Trén trang lam viéc, ngudi st dung nhép lénh ti ban phim va chudng trinh sé
dua ra két qua tuong {ing véi dong lénh nay sau khi go phim ENTER. Chuong
trinh sin sang dé nhap cau lénh sau didu nhic >. Méi cau lénh phai dude két
thic bang dau cham phay () hodc ddu hai chdm (:). Hé thong Menu cho phép ta
md, luu trd, in 4n trang lam viéc (menu File), thay doi cac dinh dang cta trang
(menu Format) hay céc trg gitip soan thao lénh (menu Edit).

Mic dau MAPLE c6 rat nhiéu lénh dé st dung ngay sau khi chuong trinh sén
sang lam viéc, mot s6 nhém lénh chuyén dung (goi la cac géi chudng trinh-
Packages) chi c6 thé sit dung dude khi ta kich hoat, thi du, 1énh kich hoat géi
chuong trinh gom cac phép tinh trén ma tran dude nhap nhu sau:

> with(linalg) ;



182 BAI TAP DAO DONG KY THUAT

e Tién ich trg giup cua MAPLE

MAPLE c6 mét hé thong trg gitp truc tuyén phong phu va chi tiét. Menu Help
cua trang lam viéc cho ta nhiéu kha nang tim ki€m trg gitip chilic ning cua céau
lénh cac chu dé khac nhau (xem hinh 4.2).

Topic Search

T opic: |solve Saxch

Matching Topics: Apply

solve A
solve, float o
solve function
solve.identity
solve.ineq
solve, linear
solve, radical
solve, scalar
solve seres
solve, system

solvefor
C ﬁI\}ﬁT ﬁﬁlﬁ

™ Same Window V Auto-search

Cancel

b4

Hinh 4.2: Tim kiém tro gidp trén MAPLE

Mot kha nédng trg gitip khac la nhap dau ? ngay trudc tén lénh va khong két
thuic 1énh bang ddu cham phay (;) hodc dau hai cham (:), thi du:

> ?solve
¢ Cac ham toan hoc cia MAPLE
Bang 4.1
Tén ham co ban Chiic ning
exp (x) Ham s6 mi e*
sqrt (x) Can bac hai ctia bién x
abs (f) Gia tri tuyét d6i cia biéu thie f
sin(x),cos (x),tan(x) Cac ham luong giac
arcsin(x), arccos(x) Ham arcsin va arccos
1n(x),logla] (x) Logarit tu nhién va légarit cd sd a cua x




Chuong 4 TINH TOAN DAO DONG BANG MAPLE. MATLAB, MATHCAD 183

Chuong trinh MAPLE chda vai tram ham toan hoc. Bang 4.1 liét ké mét sé
ham duge st dung trong cac bai tap thi du. Ban doc c¢6 thé tra ciu théng tin vé
cac ham toan hoc khac nho tién ich trg gitup ctia chudng trinh.

e Cac kiéu du liéu
Mot s6 kiéu dit liéu quan trong dudi day duge st dung trong chudng trinh
MAPLE:

- Chuéi (sequences) vdi 1énh seq:

> ch1:=seq{i*2,i=1..5);
chl =1,4,9, 16, 25
> chi1{3];

- Danh sach (lists):
» 1istl:i=[x,v,2,1,10,100] ;
list] = [x,v.2z.1,10, 100 ]
> listl [5];

10
- Tap hop (sets):
> setl::{a,b,c,E,B,x‘2=y};
set] = {2,3,a,b,¢.,x =y}
> setl[6];
¥ =g

- Bang (tables) véi lénh table:
> tablel:=table([a=Chieu_dai,b=Chieu_rong, h=Chieu_cao]):
> tablel [h];
Chieu_cao
> indices (tablel) ;entries (tablel);
LA, (D] [a]
| Chieu_cao |, [ Chieu_rong |, [ Chicu dai ]
- Chuéi ky tu (strings):
> strl:="Maple";
strl = "Maple"
> strl(1..3];
"Map"
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- Mdng nhiéu chiéu (axrays) véi lénh array:
= alrmarray{l..2,1..2);
al =amay(1..2,1..2,[ 1)
o @L[1,1] smlpdl [3,2] ramP2a1[2,1) tmxcsal [, 2] tmye
> print(al);

e Lam viéc voi MAPLE

Bang 4.2 trinh bay mét s6 toAn ti va cau lénh cd ban nham gitp cho ban doc ¢6
thé hiéu dude mot chuong trinh tinh toan dao dong bang MAPLE.

Bang 4.2

Céc toan tu va ciu lénh Chic ning h
+,=,%,/ Cac phép cdng, trit, nhin, chia
" Phép luy thita
1= Phép gan
“i Phép dinh nghia m6t ham sé
int (x(t),t) Tich phéan cua bién x theo bién t
diff (x(t),t) Pao ham ciia bién x theo bién ¢t
solve () (Giai hé cac phuong trinh dai s6
dsolve () Giai hé phuong trinh vi phén
plot () Vé dé thi
linalg[det] (M) Tinh dinh thic cua ma tran M
linalg[inverse] (M) Tinh ma tréan nghich dao cua ma tran M
Eigenvals (M) Tinh tri riéng cia ma tran M
Eigenvals (M, vecs) | Tinh véc td riéng cia ma tran M

MAPLE cho phép ta xdy dung mét chudng trinh véi cac toan tit diéu khién
(toan tu diéu khién lap for va while, toan ti diéu kién if, vv...) giong nhu mot
ngoén ngit 1ap trinh théong thuong (xem cac thi du trong muc 4.4).

4.1.2 Co sé vé MATHCAD

MATHCAD la sian phdm phadn mém cla hang Mathsoft® c6 tru sé tai
Cambridge (Anh), hing dugc thanh lap vao nam 1985. Hai phién ban gan day
la MATHCAD 11 (ndm 2003) MATHCAD 12 Professional (ndm 2004). Phan
mém tinh toan MATHCAD dudc xiy dung nhidm trd gitp cho cac k¥ su giai
quyét cac bai toan ky thuat va dang dude coi 14 mot méi trudng tinh toan thiét
ké tién tién. Hién nay ngay cang cé nhiéu nha khoa hoc, nhiéu kj su trén thé
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gi61 su dung MATHCAD. Ngoai cac tinh nang co ban caa mét hé chuong trinh
tinh, MATHCAD con ¢6 mét dic diém néi bat 1a cho phép ngudi st dung xay
dung cac cong thic, biéu thie, phudng trinh, cac ky hi¢u toén hoce theo cach viét
truyén théng. Toan bd chudng trinh tinh tir khai bio. lip c huong trinh dén xuat
két qua bang do thi duge trinh bay trén mot trang lam viee duy nhat. Hé théng
cac thu vién chuong trinh cua MATHCAD cung cap mot 0at cac chuong trinh
mau trong mdt s6 chuyén nganh ky thuat, vi du: tinh toan phan ti hitu han, xu
1y tin hiéu s6,... cho phép nguoi su dung khéng can phai ¢6 k¥ nidng lap trinh
vAn ¢6 thé tinh toan véi MATHCAD. Cac théng tin vé hé ¢huong trinh nay dudc
cung cap trén dia chi:

http://www.mathcad.com
e Trang lam viéc cua MATHCAD

Maéi trudng tinh todn cua MATHCAD la trang lam viéc (Worksheet) duge minh
hoa trén hinh vé 4.3.

T ) L e A - 1o R o ST

athcad Professional - [vdu41].

Math Symbolics Window Help
ED New.. CtrlN Jo ' 5 o @ ) cu "B & _
,'—'-‘-; iquel'l.._ '.:tl’{-!'o '-""'--I"-"” — i e
'N Close  Chrl+w '-f]Ar o b I e
l—— st R TS TR TR TWSTR o T e T I o e T
B seve Ctrl+S :
Save As... % &
¥1
SEﬂd-.- ) :
= e F(t
N, | o T )
Paga Setup. .. I
&) S Broys P, 2000, &)
& prict...  Ctr+p — B
A E it SRt F=F() =xa=xa(l)
1 wdudl
Exit +
(L)
0067
x 004
Xa
0.021
0 5 10 15 v
il 2
7 AUTO NUM Pace |

Hinh 4.3: M6t Worksheet cua MATHCAD
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Trén thanh Menu cua giao dién, menu File chia cac chic nang md, luu tri, in
4n trang lam viéc, menu Insert duge st dung dé chén cac cdng thue, cac toan tu,
cac dong chi thich va cac dé thi. Menu Format thay doi cac dinh dang cua cac
céng thic, cac dd thi két qua. Chic ning diéu khién viéc tinh toan va hién thi
két qua nam trong menu Math. Menu Help cung cap cac tién ich trg gitip (xem
hinh 4.4).

it Home  Print  Options

et s i -~
Contents | Index | Search; '
,—@ Getting Started A
| Eusons | Mathcad
| @ Text i '
& Computational Features 1 |
@& Layout Tools {1 | Mathcad is the industry standard
@ Worksheet Management | calculation software for technical
% St and i i 1| professionals, educators, and
: ' college students. Mathcad is as .._J
@ 5"'”9? | versatile and powerful as
Q Functions i i| programming languages, yet it's as
@ Operators || easytolearn as a spreadsheet,
- T ti i1 Plus, itis fully wired to take
I{ g ’
? SOIW“Q_ e D!phmsza ..;,: = !l '} advantage of the Internet and other
bl M TR A

Hinh 4.4: Tién ich tro gitp cua MATHCAD
e Soan thao chuong trinh
MATHCAD c¢6 mét sb cdng cu véi chic niang dinh dang ky tu, chén cac toan tu

h
nhu tich phan J( ), vi phéan L. () cacdal ludng nhu ma tran, véc td va cac ky
dx

tu ddc biéta,£,... (xem hinh 4.5). Diéu nay 1am cho chuong trinh tinh tréng
giong nhu cac cong thic toan hoc théng thuong dude viét trén giay.

M6t trang lam viéc cua MATHAD bao gom: vang chia cac 1énh ctua chuong
trinh, viing chia cac chu thich (text) va vung chia cac dé thi. Cac dong lént
duge nhap vao ngay tai vi tri con tro trén man hinh (ddu + mau do). Giéng nht
cac hé chudng trinh khac, MATHCAD tinh toan theo trinh tu dong lénh (c¢
nghia 1a tuan tu theo cac lénh tir trai qua phai, tir trén xudng duéi). Ban doc c«
thé tu hoc ky nang soan thao cong thic lénh theo cac chi din trong tién ich trc
gitip cua chudng trinh.
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Gl X, > 1=l fey m©

MT m.n E-¥% ¥x¥ Zu E'IE

Y 0O
K A
2 o
w A
H @
2 0O
P X

Hinh 4.5: M&t s6 céng cu hé tro soan thao 1énh cda MATHCAD

Pé ho trg viée soan thao chudng trinh tinh mét cach nhanh chéng, chudng trinh
cho phép ta sit dung mot sb cac phim tat dé nhap cac toan ti va chén dé thi vao
trang lam viéc. Bang 4.3 liét ké moét sé6 phim tat thuong st dung véi
MATHCAD.

BAng 4.3
Phim tat Hién thi ¥ nghia Thi du
Shift . : =y phép gan 3= W
N\ can bac hax 1 {
Vi ' L Z:= y2 + >
Ctrl . % ' can bac N 3% = 24
(dau phay trén) (n) ngoac don alkiw o ) 5
- X
d dao ham d ( 2 )
Shift , / & s A
' b
Shift , 7 J o da tich phan e }-5 dx
' a
Ctrl. ! lim gi6i han A= lim +a®
P—a ] X—> o0
] 10 o
Ctrl, Shift , 4 Z ' téng hitu han B:= X
P =1 ] ==
Shift , 2 Cheén d6 thi vao vi
tri con tro
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e Lap trinh voi MATHCAD

MATHCAD cho phép ta xdy dung mdt chuong trinh tinh toan ldp. Trén hinh
4.6 1a cong cu chén céc toan tui diéu khién lip for va while. toan tu diéu kién if
dé ho trg cho viéc soan thao mét chudng trinh con theo thi du dudi day.

Tinh dao ham (bang PP. $6)

| Add Line « diff(u,v) := {len « length(u) -1

if otherwise for 1e 0. len — 1
for while u ~u,
i+ 1 i

break  continue kv, ,
V. =

i+ 1 1

return on errar

Hinh 4.6: Céng cu hé tro Iap trinh
e Diéu khién tinh toan, théng bao 16i va xuit két qua

Theo ch& d6 mic dinh, MATHCAD sé tinh toan lai toan bd chudng trinh trén
trang lam viéc méi khi ta thay déi gia tri mét bién hodc mét cong thite. Diéu
nay cé thé lam cho ngudi st dung tén thoi gian chd dgi chudng trinh thuc hién.
Ché d6 nay cé thé dude thay déi bing cach xoa tuy chon Automatic Calculation
trong Menu Math. MATHCAD chi tiép tuc tinh toan khi nhan phim IF9.

Mbi khi xu4t hién 161 chudng trinh (thi du chua gan gia tri cho bién, 161 cong
thie, 161 ci phap lénh,...), MATHCAD sé hién thi thong bao 161 théng qua thay
doi mau sac cua bién hodc cong thie chia 161

MATHCAD xuit két qua dudi dang s6, dit liéu dang bang, cac biéu thitc toan
hoc bang chit (symbolic) va d6 thi. Tuy nhién tinh ning xit 1y symbolic cta
MATHCAD khéng manh so vdi hé chudng trinh MAPLE. Ban doc c¢6 thé tim
hiéu viéc xuat két qua cia MATHCAD trong céc thi du.

4.1.3 Co sé vé MATLAB

MATLAB (tén viét tat cua tit MATrix LABoratory) 1a mét hé chuong trinh hang
dau trong linh vuc toan s6. MATLAB la san pham chinh cia hing Mathworks.
Hang duge thanh lap vao nam 1984 va cé tru sd chinh tai Massachusetts (My).
Tén ctia phan mém MATLAB di thé hién dinh huéng chinh ciia hé chuong
trinh 1a cac phép tinh trén ma tran. Phién ban gan day nhat 1a MATLAB 7.0
(nam 2004). MATLAB c6 tinh nang dé hoa tién tién, da dang va dé st dung. Hé
théng cidc ham toan hoc cia MATLAB dudc md rong théng qua cac thu vién trg
giup (cac bo cong cu - Toolbox). Bén canh kha néng nhap lénh truc tiép trong
moi trudng MATLAB, ngudi sit dung cé thé soan thao va luu cit nhiéu cau lénh
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cua MATLAB dud: dang tép van ban véi ky tu ASCH (go1 1a serift file). Cac
théng tin vé hé chudng trinh nay duge dang tai trén dic ch

ithworks.com.

e Trang lam i("é cua MATLAB

hitp:/iwww.1na

File Edit View Web Window Help

gjq.‘ 2 Current Oectory: { CWATLABED Yo

_ul‘lll"ﬂaﬁﬁ Vﬁnd‘

- o\ maTLAR 3> x=2; -]
> y=2%y+ 0i{x}
e 4151(371&1 Frocessing Toolbox P e B ogIN ]
Y =
4,3010
P

§|*| Workspace  LaunchPad j

fcomaTLaBsplvec Y| | @ F 44
All files [File Type
cocaut.aymay.m M-file foadt
cos:.ncp.m M-file

[:] adxsi. exe

[i] daxsic. et
[3] daysi. txt
r:(-ﬂ AdwSim tvr _:!

) el 2

«| » [_commandHistory  currentDire| | +

R ea-d'f

Hinh 4.7: Trang Iam viéc (cda sé chinh) cia MATLAB

Méi trudng lam viéc cuia MALAB dugdc thiét ké vdi mot giao dién do hoa rat tién
dung va cung clp tdi da cac thong tin lién quan dén: thu muc dang lam viéc
(Current Directory), dung lugng bd nhd cua cac bién (Workspace), luu tri va
hién thi cac cau lénh da sit dung (Command History), truy cap nhanh chéng tdi
~4c cong cu sdn c¢é nhu cac Toolbox hodc tién ich trd gitp (Launch Pad). Nhiing
théng tin nay gitip cho ngudi st dung kiém soat qué trinh tinh todn va nhanh
héng hiéu chinh, stta chiia cac 161 xuat hién.

T'uong tu nhu hé chuong trinh MAPLE, MATLAB tuan thu nguyén tac tinh
.04n va xac lap céc gia tri cua bién theo trinh tu ting dong 1énh tif trén xudng
ludi chuong trinh. Cac cdu lénh dude nhap sau dadu nhéac >>. Méi cau lénh duge
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két thuc biang dau chdm phay (;) (néu ta khéng muén MATLAB hién thi két
qua) hoidic dé trong sau cau lénh (MATLAB hién thi két qua tinh toan ngay sau
khi nhan phim ENTER).

Tién ich trg giup truc tuyén (menu Help) cia MATLAB trén co sé phan loai
theo cht dé ciing rat chi tiét va dé tra cttu. Ngoai ra, trén cita s6 chinh cua
MATLAB, ta ciing c6 thé xem chic nang ciia mét cau lénh théng qua viéc nhap:
help [tén lénh], thi du:

s>help ode4bs

e Soan thao Scrift File v6i MATLAB-Editor

Bén canh kha nang nhap lénh truc tiép trén cla s6 chinh ctia MATLAB, ta c6
thé nhap va luu cat nhiéu cau lénh véi cac ky tu ASCII trong mét file ¢ phan
md rong cua tén file la (*.m). Cac file nay dudc goi 1a céc scrifts cuaa MATLAB.
Dé soan thao cac scrift file, MATLAB c¢6 mét chudng trinh riéng véi nhiéu tinh
nang giong nhu mot chudng trinh soan thao vian ban thong thudng. Trén hinh
4.8 1a chudng trinh soan thio cia MATLAB (MATLAB-Editor). Ta c¢6 thé goi

chudng trinh nay bang cach kich hoat trén cua sé chinh cua MATLAB tai menu
File/New/M-file.

8) WATLABGp‘I\work\num‘[ ...
File Edit View Text Debug Ereal_r,polnts web Winduw uelp
DEES (@0 AH ARG

1 function Y= numl{pzu x) S

2

- global 1

4

< ¥Y(l)=1(1l)*cos(phi)-1(2)%cos(x(l))+1(3):

ol ~ YIZ)=1[2]*Sin(x[l]]*Sin(x(ZI)-lIQ)ﬂ

Hinh 4.8: MATLAB -Editor

MATLAB sé tu déng tinh toan toan bé chudng trinh dude soan thao va luu
trong scrift file néu ta nhap tén cta file (khéng c¢6 phan md réng) trén dau nhic
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lénh. Chd ¥ rdng dudng dan dén thu muc chia file nav phai duge khai bao
trong méi truong MATLAB (chon menu File/Set Patl..).

e Bién va ham trong MATLAB

Giéng nhu cae ngdén ngtt lap trinh khae, MATLAB phan loai bién thanh hai
dang: Bién cuc bd (local variable) va bién toan cuc (global variable). Cac bién
toan cuc dude khai bao sau lénh global [tén bién] va dudc xoa khoi mdi trudng
tinh toan bang lénh clear [tén bién]. Bién cuc bo dude su dung trong cac ham
va khéng duge liét ké trong cia s6 Workspace. Cac bién c6 thé 1a cac vée tg, cac
ma tran hodc cac mang nhiéu chiéu (dinh nghia boi lénh cell). Viéc thuc hién
cic phép toan dé1 vél ma tran trong moéi truong MATLAB duge thuc hién bdi
mot tap hdp cac lénh phong phi. Bang 4.4 liét ké mot s6 cdu 1énh thudng dudc
su dung khi tinh toan.

Bang 4.4
Tén 1énh Chitc niang
zeros (n) Dinh nghia m6t ma tran vuéng c¢d n gém
cac phan ti bang 0
eye (n) Dinh nghia m6t ma tran don vicon
size (M) Xac dinh s6 hang va s6 ¢jt cua ma tran M
det (M) Tinh dinh thiic cia ma tran M
inv (M) Tinh ma tran nghich ddo
eig (M) Tinh tri riéng va véc td riéng cua ma trén

M6t dang dac biét cta scrift files la cac ham cua MATLAB. Cac ham nay dudc
chai bao sau tit khoa function (xem hinh 4.8). Cic ham cé thé duge st dung
-rong cac scrift file khac (tham khao thém tai cac thi du trong muc 4.2).

» Cac Toolbox cua MATLAB

~ac Toolbox (cac bd cong cu) chinh 14 phan md rong eua MATLAB cho céac bai
.0an thudc cac linh vuc khoa hoc khac nhau. Cac Toollox ¢d chiic niang giéng
thu cac goéi chuong trinh (Pakages) caa MAPLE. Tuy nhisn, trong khi cac géi
huang trinh dugc tich hgp ngay trong hé chxrong trinh MAPLE, céac Toolbox
:ua MALAB dugc coi 1a cac san pham phan mém riéng. M&i Toolbox gém mot
4p hgp cac ham duge lap trinh san trong cac M-file va dude luu trong mot thu
nuc riéng. Thi du nhu:

- Signal Processing Toolbox: Céng cu xit ly tin hiéu sé.
- Optimization Toolbox: Céng cu tinh toan té1 wu

- Control System Toolbox: Cong cu thiét ké cac hé thong diéu khién.
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¢ Tinh nang dé hoa cia MATLAB

MATLAB cé tinh nang d6 hoa tién tién vao loai bac nhat trong s6 cac hé chudng
trinh tinh. Thong thudng, cac d6 thi dude biéu dién trén mot clia sé riéng biét
(cua so6 do hoa — hinh 4.9). Cac cda s6 nay dude hién thi khi si dung lénh:

s>figure;

Trong ctia s6 d6 hoa cé chita mot s6 cong cu véi chiic ning chén, xoa, thay doi,
dinh dang cac phan tu cua mét do thi hién ¢é nhu: kiéu dudng, tiéu dé, cac chua
thich, mau sac vv....

MALAB cho phép biéu dién két qua tinh toan dudi nhiéu dang @6 thi: Dang hai
chiéu théng thuong vdi lénh plot (hinh 4.9), dang ciec dudng miic (lénh
contour), cac do thi ba chiéu (cac 1énh surf, mesh, pcoler),... Cac lénh vé nay
dude hudng dan chi tiéu trong phan trd gitp Help cia MATLAB.

LR

File Edit iiw Insert Tools ‘Window Help

lDsda A A/ OO

16

1.4

1.2}

Hinh 4.9: Cla $6 dé hoa ctua MATLAB
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Trong pham wvi cua chudgng nay, chung té su dung «cac hé chuong trinh
MATLAB, MAPLE va MATHCAD dé tinh toan tin sé riéing, dang riéng cua hé
dao déng va tinh toan bang sé nghiém cua phudng trinh vi phin dao ddng.

4.2 Tinh toan dao dong cua hé mot bic tu do chiu
kich dong tuy y

Thi du 4.1 Phuodng trinh vi phdn dao dong cua hé dao déng cé dang:

mx+bx+cx=F(t)

véi m = 100 (ke), b = 63 (Ns/m), * VNI
¢=1000 (N/m). Biét luc F(t) cb L 4
dang ham budc nhay nhu hinh
TD 4.1
207
0, t,>t20
F(t)=
Fy, L1,
voi t,=2 (s) va F,= 30 (N) 0 5 10 _:[s]

Hinh TD 4.1

Cho biét biéu thie giai tich cia nghiém x(¢) khit > ¢,

F F s
X({)='—g’_ {) e fjiluﬁf o

¢ oJ1-D?

; i ol D
Vé1 D 1a d6 can Lehr, o, = s , 0y =0y V]- D? va 0= arctanﬁ
1-D

j Cos[md Lfes ) - 9]

n
Hay xac dinh dao déng ctia hé bang phuong phap so, st dung cac hé
chudng trinh MATHCAD, MATLAB, MAPLE vé6i diéu kién dau
x(0) =0, x(0) =0 va so sanh két qua tinh vdi nghiém giai tich.
Loi gidi. Truée hét, ta bién déi phudng trinh trén vé hé hai phuong
trinh vi phan cadp 1 bang cach dat Y, =X, y;=x . Ta thu dugc hé

phuong trinh sau:
=y,
e b F(1)

ied R
m n n
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Néu su dung cac dai lugng tan s riéng o, va do can Lehr D, hé

phudng trinh trén dude biéu dién dudi dang:

V=Y,

. F(1
3 ==y, = 2Dwgy, + a2
m

Chuong trinh tinh voi MATHCAD

FO := 30 c:x=1000 m=100 b=63 i0=20

w0 = . D= : 0= atan[ L ] wd = cuO-xfl—Dz

m 2:m-o0 |- D>

F(t) := FO-®(t — t0)

F(t F(t = D-a0-(t=
xa(t) := (t) - () ?-e Bak tm-ccn»sl:md-(t—tli}i) - 8:]
" cy/1-D"
¥yo= L,y = F(t
FDaliyy = ol g+ )
m

Z = rkfixed(y,0, 12,2000, A)

-3 —
to= Z(m X = Z<I> F:=F(t) xa:=xa(t)
x(t)

0.06T
X 0.047
Xa

0.021

0 5 10 15

t
Hinh TD 4.1: Két quad tinh todn véi MATHCAD
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——— ey, —

Két qua x(t) dude biéu dién trén dd thi cho thiv va nghiém tinh toan
bang phuong phap sd va vdi nghiém giai tich 13 hoan toan phu hgp.

Chuong trinh tinh voi MATLAB
Hé phuong trinh vi phén c¢6 tén 'dsys1' duge ghi lai dudi tén file
dsysl.m dugc viét nhu sau:

function v = dsysl1(t,y)

FO=30; ¢ =1000; m=100; b= 063; t0 = 2;

wl=sqrt(c/m); D=b/(2*m*w0),

if t<t0, F=0; else F=F0; end

v=[y(2); y(2)*(-2*D*w0)+y(1)*(-w0"2)+F/m]:

Chuong trinh chinh la mot scrift file c6 né1 dung sau:
clear all;
% Nghiem giai tich -—--==-=-=--mrm e
F0=30; ¢=1000; m=100; b=63; 10=2; wO=sqrt(¢/m): D=b/(2*m*w0);
theta=atan(D/(1-D"2)); wd=w0*sqrt(1-D"2); t=0:0.01:12;
for 1=1:length(t)
if t(i)<t0
F(1)=0;
else F(1)=F0; end;
xa(i)—‘rF.(s')/c-F(i)f(c*sqrt( 1-D*2))*exp(-D*wO*(t(i)-t0))*cos(wd*(t(1)-t0)-theta);
end;

figure; plot(t,xa); hold on

y0=[0;0]; ts=[0 12];
[t,y]=oded5('dsys1'ts,y0); % Giai he phuong trinh vi phan cap I
plot(t,y(:,1)); set(gca,'Xlim',[min(t) max(t)]); hold off
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Chuong trinh tinh voit MAPLE

>restart;
>xa:=F/c-F/(c*sqrt (1-Dk"2) ) *exp (-Dk*w0* (£t-t0) )
*gos (wd* {L-£0) -theta} :
regbl:=diff {yl(t) ,t)=y3{t):
>eqt2:=diff(y2(t),t)=-2*Dk*w0*y2 (t) -w0 2%yl (t)+F/m:
>F:=-piecewise(t<=t0,0,t>=t0,F0) :
>INt =1 (0)=0,; ¥2{0)=0;
FFO:=30¢ gi=1000: br=63* mi=1007 O =2
>w0:=sgrt(c/m): Dk:=b/(2*m*w0) :
> theta:=arctan(Dk/(1-Dk"2)): wd:=wO*sqgrt (1-Dk"2) :
>dsys := {eqtl,eqt2,init}:
>dsoll := dsolve(dsys,numeric,method=rkf45,
output=1listprocedure,range=0..12):
>with(plots) :
splot(xa,t=0..12,color=black,
title="Nghiem giai tich"):
>odeplot (dsoll, [t,yl(t)],color=black) ;

Thi du 4.2 Phuong trinh vi phan dao dong cua hé dao dong c6 dang:
20X +40x+5000x = F(¢)
Luc F(t) c6 dang mdt ham tuan hoan chu ky T

4 T
?f"—l OEIEE
F(t) =4
l—ir—ZJ zgrs:[‘
| T 2 2

Hay tinh todn bién d6 dao déng caa hé trong khoang thoi gian 2T véi
T = 4 (s) bang cac hé chuong trinh MATHCAD, MATLAB, MAPLE, cho
bidt didu kién dau x(0) = 0 va x(0) = 0.

Loi gidi. Trude hét, ta bién d6i phudng trinh trén vé hé hai phuong
trinh vi phén cdp 1 bang cach dit y, =x, y, =X (xem thi du 4.1). Véi
MAPLE ta co6 thé giai truc ti€p phuong trinh vi phan cép 2.
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—— e, ——

Chuong trinh tinh vai MATHCAD

c:=3000 mi=20 bi=40 0= |— 0=15811
m
27
[=40 Q ::% 6 = 571
T 0
F{ 1) = —t—llfDét{E y::(UJ
4 " T
l-—=t-=1] if = <t<T
! 2 2
3-T
—(t-T) -1 1f TS[S-—;—
4 Sk £
i ink Rimim—i | GE =i 3N
T 2
Y1
A(t,y) = ¢ b F(t)
g . et % S
m m nl
o (1 e
Z :=rkfixed(y,0,8,1000,A) t:=2" x:=1Z Fi=F()
F{(1) [N]
2T
2 O 8 I[S]
_2—-
x(t) [m
410 ¥ T
2-1()_4

=210

4

N 8 ¢ [s)
-4.00 * +

Hinh TD 4.2: Két qua tinh todn véi MATHCAD
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Chuong trinh tinh voi MATLAB
Trude hét, ta khai bao hé phuong trinh vi phin c6 tén 'dsys2' va ghi lai
duéi tén file dsys2.m vd1 no1 dung sau:

function v = dsys2(t.y)

¢ = 5000; m = 20; b =40; w0 = sqrt(c/m); T = 4.0;

if t>=0 & t<T/2, F=4/T*t-1;

elseif t>=T/2 & t<=T, F=1-4/T*(t-T/2);

elseif t>=T & t<=3*T/2, F=4/T*(t-T)-1;

elseif t>=3*T/2 & t<=2*T, F=1-4/T*(t-3*T/2);

end:

v=[y(2); y(1)*(-c/m)+y(2)*(-b/m)+F/m];
Chuong trinh chinh 1&a mét scrift file ¢6 no1 dung sau:

clear all;

T=4.0; y0=[0;0]; ts=[0 2*T];
[t.y]=0de45('dsys2',ts,y0);

figure; plot(t,y(:,1)); title('Bien do dao dong');
set(gea,’Xhm',[min(t) max(t)]); grid on;

Chuong trinh tinh voi MAPLE
> restart;
s efibo-mediTEIR(E) b, L i+DRALEE () &)+ttt ])=F;

3]

29
c’q.'::m[f-.,x{f)ji-h( x(f)]+cx(f)=F
or ar
> F:spiecewise(t>=0 and t<=T/2,4/T*t-1,t>=T/2
and t<=T,1-4/T*(t-T/2),t>=T
and t<=3*T/2,4/T*(t-T)-1,t>=3*T/2

and t<=2*T,1-4/T*(t-3*T/2)):
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—— e —

> init:=x(0)=0, D(x) (0)=0:

> Cci=5000: b:=40: m:z=20: T:=4.0:

> dsys := {eqt,init}:

> dsoll := dsolve(dsys,numeric,method=rkf4s,
output=listprocedure, range=0..2*T):

> with(plots) :

> odeplot (dsoll, [t,x(t)],color=black);

0.0002
0.0001 /

y1 gl \ / :
-0.0001 \ //

-0.0002

-

-0.0003

T L4 T s L] k; ]

0o 2 Jti B g 1[s)

Hinh TD 4.2: K&t qud tinh todan véi MAPLE

Thi du 4.3 Mot hé dao dong mdt béac tu do ¢6 thanh phan d§ cing phi
tuyén, chiu kich dong bdi mét luc F = F, trong khoang thdéi gian
t, £t £t,. Phudng trinh vi phan dao dong cua hé c¢é dang:

mjé+b5c+cx+c|x3 = F(t)

Ban ddu hé diing yén, cho biét cac gia tri: m = 100, b = 20, ¢ = 2000,
F,= 1500, t, =1.5, t,= 5. Hay tinh toan bién dé dao d6ng cia hé bang
cac hé chudng trinh MATHCAD, MATLAB, MAPLE va so sanh két qua
trong hai truong hgp ¢; = 300 va ¢; = 0 (hé tuyén tinh).

Loi gidi. Trude hét, ta bién d6i phuong trinh trén vé hé hai phuong
trinh vi phén c4p 1 bing cach diat y, = x, y, =¥ (xem thi du 4.1).
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Chuong trinh tinh véi MATHCAD

m := 100 =20 c = 2000 cl := 300

C b
FO:=1500 tl:=1.5 £2 =5 w0 := f— D:=
m 2m-w0

FO FO
F(t) i=—-D(t - tl) ——-D(t - 12)
m m

X

0
X = A(t, X) =
[D] -2-D-w0-X] —mOZXU+F(t) - E-(Xg.)3

Y|
Y = X L(t,Y) := 4
~2.D-00'Y| — 00" Yq + F(1)
z .= rkfixed(X, 0, 10,2000, A) w .= rkfixed(Y,0,10,2000,L)
o L .
(€T o xlini=w

He phi tuyen
He tuyen tinh

-----

Hinh TD 4.3: Két qud tinh todn véi MATHCAD
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Chuong trinh tinh vét MATLAB

Noi dung cta file khai bao hé phuong trinh vi phan ing véi trudng hop
phi tuyén (dsys3.m) va truong hgp tuyén tinh (dsys31.n) nhu sau:

function v = dsys3(t.y)

F0=1500; ¢=2000; ¢c1=300; m=100; b=20; t1=1.5; t2=5.0;

wO=sqgrt(c/m); D=b/(2*m*w0);

if t>=t1 &t<=t2, F=F0; else F=0; end

v=[y(2); y(2)*(-2*D*w0)+y(1)*(-w0"2)+F/m- cl/m*y(1)"3];

function v = dsys31(t,y)

FO0=1500; ¢=2000; m=100; b=20; t1=1.5; 12=5.0;
w0=sqrt(c/m); D=b/(2*m*w0);

if t>=t1 &t<=t2, F=F0; else F=0; end

v=[y(2); y(2)*(-2*D*w0)+y(1)*(-w0"2)+F/m];

Chuong trinh chinh la mét serift file c6 ndi dung sau:

clear all;

y0=[0;0]; ts=[0 10];

[ta,y]1]=0ded45('dsys3',ts,y0);

[tb,y2]=0de45('dsys3 1" ts,y0);

figure; plot(ta,y1(:,1));

hold on;

plot(tb,y2(:,1));

hold of;

set(gea,’Xlim',[min(t) max(t)]); xlabel('t [s]"); grid on
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2 T T T T
—— phi tuyen
- tuyen tinh

] rik

0 2, 4 B 8 10
Hinh TD 4.3: Két qua finh toan véi MATLAB

Chuong trinh tinh véi MAPLE

> restart;
> egqtl:=diff (y1(t). t)=y2(t);
5]
eqil = ;!yl(r)::yZ(r)
o
>egt2:=diff (y2(t),t)=-c/m*yl(t)-b/m*y2(t) -
cl/m*yl(t) “3+F/m;
% cyl(t) by2t) clyl(t)) F
eqll ;= — Y2(1) = —~——n = s o i +
E aty (4) m m i m
F:=piecewise(t>=tl and t<=t2,F0,0):
init =yl (0)=0.0, y2{0)=0.0:
c:=2000: b:=20: m:=100: F0:=1500: tl:=1.5:
s £29:=5,0:zecl=300:=
> dsys := {eqgtl,eqt2,init}:
> dsol3 := dsolve(dsys,numeric,method=rkf45,

v V Vv

output=listprocedure, range=0..10):
> with(plots):
> odeplot (dsol3, [t,yl(t)]);
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Thi du 4.4 Mot hé dao déng chiu kich déng diéu Lo, ¢6 ma sat nhdét va
ma sat khé. Phuong trinh vi phan cua hé cé dang:

X+ 40x +0.98sign(x)+ 10000 x = 10sin(40¢)

Hay s dung cac hé chuong trinh MATHCAD, MATLAB, MAPLE dé
giai phuong trinh da cho trong khoang 0<r<1.5(s) véi diéu kién dau
x(0) =0,%(0) =0 . Hay vé d6 thi két qua x(¢) va quy dao pha.
Loi giai. Trude tién ta phai dua phudng trinh vi phan cadp hai vé hé hai
phuong trinh vi phin cidp mét (xem thi du 4.1 va 4.2). Ta duge phudng
trinh sau:

Vi =Y

v, ==10000y, =40y, —0.98sign(y,)+10sin(40¢)

Chuong trinh tinh voi MATHCAD

c := 10000 m:=1 b:=40 o :=0.98

0
F(t) := 10-sin(40-t) e ( 0]
Yl
A(t,y) := c b o -Sigmlm(yl) F(1)
S | o & B s
m m m m
Y1
Al(t,y) = c o -signum(y]) F (1)
G +
m m m

Z = rkfixed(y, 0, 1, 2000, A)

Z1 := rkfixed(y,0,1,2000, Al)

@ . AD

ti=Z > 4 W @ Y

x2 =7 zl =71 z2 = .Zl(z'>
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Qui dao pha
X(t) 0.1 T 1 |
0.002T
005 7
0.0017
— U I =
—0.05 7
~0.0017
-01 | | |
~0.002™ ~0.002 —0.001 0 0.001  0.002

Hinh TD 4.4: K&t qud tinh todn voi MATHCAD
(truong hop ¢d ma sat khd va ma sat nhot)

ul dao pha
0 O, .... o

0.0027

0.0017

M
s VYUY ;

t l |
0.1
=0.0027 ~0.002 ~0.001 0 0.001  0.002

Hinh TD 4.4: Két qud tinh toan véi MATHCAD
(trudng hop chi c6 ma sat khd, khdng cd ma sat nhot)

Chuong trinh tinh voi MATLAB

No61 dung cua file khai bao hé phudng trinh vi phin c4p 1 (dsys4.m) nhu
sau:
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function v = dsys4(t.y)

¢=10000; m=1: b=40. alpha=0.98;

F=10%*sin(40%*t);

v=[y(2); y(1)*(-c/m)+y(2)*(-b/m)-alpha*sign(y(2))/m+F/m];

0

Chuong trinh chinh la mét scrift file c6 no1 dung sau:

ciear all;

yO=]0;0]; ts=[0 1}
[t.y]=oded5('dsys4’,ts,y0):

figure; plot(t,y(:,1)); title('Bien do dao dong'):
set(gca,'Xlim',[min(t) max(t)]);

xlabel('t [s]'); grid on

tigure; plot(y(:,1),y(:,2)); title("Qui dao pha');
xlabel('x"); ylabel('dx/dt'); grid on

[8)

Chwong trinh tinh voit MAPLE

> restart;
> eqt:= m*diff (x(t),t,t)+b*diff(x(t),t) +c*x(t)
+alpha*signum(diff (x(t) ,t))=10*sin(40*t) ;

x|

A Iei (
cql i =m {‘ 2 x{f}] + b ["! x(f)) +cX(1)+o signun[ . x(!)j =10sin(401¢)
(‘.

ar* b

» 1Init:=x{0)=0.0, D(x) (0)=0.0:

> ¢:=10000zalpha:=0.98: b:=40: m:=1l:

5> dsye = {egt.init}:

> dsol := dsolve(dsys,numeric,method=rkf45,
output=listprocedure, range=0..1l):

> with(plots) :

> odeplot {dsol, [t,x(t)],color=black,
title="Bien do daoc dong") ;
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Bien do dao dong

0
-0.0005 1

-0.001 1

>odeplot (dsol, [x(t),diff(x(t),t)],
color=black,title="Qui dao pha") ;
Qui dao pha

0.04

2 1
* 0021

01 -00005 | b.'Dbtl15' 0.00
0.021 J
0.04

Hinh TD 4.4: Két qud tinh toan véi MAPLE
(frudng hop c6 ma sat khé va ma sat nhét)

Thi du 4.5 Cho biét phudng trinh vi phan dao déng ciia hé dao déng:
2X+8x+400x = f(¢)

4 0<t<0.25
_20415 025<1<0.5
trong 46 ham i) b dang:  fO)={__ . ..,
0 t 21

Hay tinh toan bién d6 dao déng cha hé bang cac hé chuong trinh
MATHCAD, MATLAB, MAPLE, cho biét diéu kién dau x(0)=0 va
2(0) = 0.
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Lgi giai. Gidng nhu cac vi du trude, ta phai dua phwong trinh vi phan
cAp hai da cho vé hé hai phuong trinh vi phan cap rot (xem thi du 4.4).

Chuong trinh tinh voi MATHCAD

c = 400 m:=2 b:=8 w0 = |— o = 14.1
1m

F(t) ;= |4t if 0<t< 025
2 18 if 0255 1< D5
—t+1.0 if 0.5<t< 1.0

0 otherwise

" Y1 3
y:=[0j A(t,y) = c b F(t)

e i i ey
m 11

m

Z := rkfixed(y, 0, 3,2000, A)

42136

—y
1220 =AYV 2= F := F(1)
f(t)
0.5+
0 | 2 3
x(t)
0.002+
0 ™~ 2 3
-0.002 +

Hinh TD 4.5: Két quad tinh todan véi MATHCAD
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Chuong trinh tinh véi MATLAB

Néi dung cua file khai bao hé phuong trinh vi phén cadp 1 (dsys5.m) nhu

sau:

function v=dsys5(t,y)

¢=400; m=2; b=8;

if =0 & t<0.25, F=4*t;

elseif t>=0.25 & t<0.5, F=-2*(1-0.25)+1.0;

elseif t>=0.5 & t<1.0, F=-(1-0.5)+0.5; else F=0; end;
v=[y(2): y(1)*(-c/m)+y(2)*(-b/m)+F/m];

Chuong trinh chinh 1a mét scrift file c6 ndé1 dung sau:
clear all;
y0=[0:0]; ts=[0 3];
[t,y]=oded5('dsysS',ts.y0);

figure; plot(t,y(:,1));
set(gea,"’Xhim',[min(t) max(t)]); xlabel('t [s]'); grid on

Chuwong trinh tinh voi MAPLE

> restart;
> eqbl:=diff (x1{t)  t)=x2(t);
3
eqtl = f:r Xl y=x2t)
1%,
> eqt2:=diff (x2(t),t)=-c/m*x1(t)-b/m*x2 (t)+F/m;
c cxl(t b x2(t F
ot m n m

> F:=piecewise(t>=0 and t<=0.25,4*t,

t>=0.25 and t<0.5,-2*(t-0.25})+1.0,
t>=0.5 and t<1.0,-(t-0.5)+0.5,0) :
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> init:=x1(0)=0, X2(0)=0:

» Ci=400: b:=8: m:i=2:

> dsys := {eqgtl,eqt2,init}:

> dsoll := dsolve(dsys,numeric,method=r}xf45,

output=listprocedure, range=0..3):
> with(plots):
> odeplot (dsoll, [t,x1(t)],color=black,
title="Bien do dao dong”);

Bien do dao dong

0.003
0.0025
0.002
1 00015
0.001
0.0005

i ../\.E,mu —

- 05 A/ s 225 3

Hinh TD 4.5: Két qua tinh toan véi MAPLE
Thi du 4.6 Khao sat dao dong tuyén tinh cua mot hé gdm ba vat ran

‘ho trén hinh TD 4.6.

X,

VYV —
% m;
%_%E}_"_' o) 0

b o T T T A
!
X3
01 |+—

%j / " | Hinh TD 4.6

S
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Hé dao dong chiu kich dong bai luc F(r) = F, sinQ¢ va mot ngau lyc co
md men M (¢) = M,sinQ¢. Cac tham sd cua hé duge ky hiéu trén hinh
vé, bao gém: cac khéi lugng m, va m, mo men quan tinh véi truc quay
cia vat 2 12 J, , cac ban kinh r,, R,, ry db ciling cac 16 xo ¢, va ¢,. cic hé sd
can b, va b,. Vat 3 gia thiét la lan khéng trugdt trén nén ngang.
a) Hay thiét lap phuong trinh vi phin dao ddng cua hé theo toa do
x,(t) caa khéi lugng m, véi trg gitp cua hé chuong trinh MAPLE.
b) Cho biét cac gia tri: m, = 5 (kg), m; =15 (kg), J, = 3.60 (kgm?),
r, = 0.3 (m), R,= 0.6 (m), ¢, = 2¢, = 1000 (N/m), &, = 4 (Ns/m),
b,= 5 (Ns/m), Fo= 10 (N), M, =5 (Nm), 2= 8.15 (1/s). Hay tinh
toan bién do6 dao dong x,(t) cua khéi lugng m, bang hé chuong
trinh MATLAB, gia thiét x,(0) =0 va x,(0) =0.
Loi gidi. a) Ta thiét 1ap phuong trinh vi phan dao déng ctia hé theo toa
do x,(f) bang phuong trinh Lagrange II.
Dong ning cua hé:
1 PTRIERT " T
T==mx+—=J,0, +———0; +—m., x.
2112-4"-22@3233
Thé nang va ham hao tan cua hé:

1 1 >
M==cx] +=c,x;
2 &

D :%blif +%b35r;

Tu hinh vé ta xac dinh cac quan hé van téc va dich chuyén cta cac vat
nhu sau:

Gt gl B g g e tig
A % o - Iy 3 TR T 1
9
R, 21 28R, 2R,
0 _xt T ¥, P
r Ak 1
R, 2R,

Cho hé thyc hién di chuyén kha di &, dp,, dx,, ta xac dinh duge luc
suy rong ung véi cac luc khong c6 thé c6 dang

. M@® _ n
0" =3 =5 FO)
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Véi su trg giap cua hé chuong trinh MAPLE. ta thuét lap dude phuong

trinh vi phdn chuyén déng cua hé:
(2M, - 1. F, )sin Qu

my X, +b, X, +c, x = R

trong do:
3 e "*]
3 +___-.=__'|”3= b!u :bl +b: —_.T.J. (IF" - Cl +C2 : ]
2 ’ 4R; " 4R,

me =i, + e

Chuong trinh tinh voi MAPLE

> restart;
[ Biéu thic déong niang
> T:=1/2*ml*v1°2+1/2*J2*omega2”2
+1/2*m3*r372/2*omega3 " 2+1/2*m3*v3i™2;

I 3 1 b ] P | 4] 3
T:= 3 mil vl + 5 J2 2 + 4 m3 r3- m3 "+ 5 ma3 vi3-

| Thé nang va ham hao tan
> PI:=1/2*cl*x1"2+1/2*c2*x372;
Phi:=1/2*bl*v1”2+1/2*b2*v3"2;
] | .
c2 xa°

I1 :=,)cl.ri‘+2

=

b2 vi°

[

1 5
P = 2 bl vl +

[ Luc suy réng ting véi cac luc khong thé
> Qs:=M(t)/R2-r2/(2*R2) *F(t) ;
_ M( ¢ 1 »2 F({
Os = hf,?) T2 R;E |
| Cac quan hé van tdc va dich chuyén
> omega2:=v1/R2:omegal3:=r2/ (2*R2*r3) *vi :
v3:=xr2/(2*R2) *v1:x3:=x2/ (2*R2) *x1:
[ Tinh toan cac dao ham riéng va thé vao PT Lagrange II

> C:=diff (PI,x1):B:=diff (Phi,vl):
5 Blisdiff T, v1l) svls=diff (x1(t) ) Aiscliff (KL, L} :
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M(t) :=MO*sin(Omega*t) :F(t --F0*51n(0rnega*t)

)
> PTVP:=collect (A,diff(x1(t),t,t))
+collect (B, dlff{xl(t) ,t))+collect(€,x1)=Qs;

( By i ) | ],, o
m3 r2 J,\a 2r2° | 4

pIVP =\ mi+ T a ! \lf”J ol 2 L.\ x1(1) |
Rz R2®  J\é R2- Ot J
: c2 r2? o o
g s = MO sin(Q 1) 1 r2 FOsin(€Q 1)
TR VT R ) R

[ Khéi lugng thu gon, hé s6 can thu gon va d6 cing thu gon

> mtq:zop( [l; lrl] JPTVPJ ;
btg:=op(([1,2,1],PTVP);
ctg:=op([1,3,1],PTVP);

3
-m3 r2-
J2 8
miy =t 4=+ :
Z R
1 .
b2 ¥2-
btg == bl + a2
1 )
—— 4 ol g
ctg = cl 4 oy

b) Tinh toan bién d6 dao déng x,(t) bang sb.
Chuong trinh tinh vdi MATLAB

Ham duge luu dudi tén file dsys6.m dude soan thao nhu sau:

function v=dsys6(t,y)
c1=1000;c2=500;m1=5;m3=15;J2=3.60;r2=0.3;
R2=0.6;b1=4;b2=5;F0=10;M0=5;0mega=8.15;
mtg=m1+J2/R2*2+3*r2”2*m3/(8*R2"2);
btg=b1+r2"2*b2/(4*R2"2);
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ctg=cl+r2"2*c2/(4*R2"2).
M=MO0*sin(Omega*t):F=F0*cos(Omega*1):
Ftg=M/R2-F*r2/(2*R2);

v=[y(2); y(1)*(-ctg/mtg)+y(2)*(-btg/mtg)+Frg/mug]:

Chuong trinh chinh 14 mét scrift file ¢6 no1 dung sau:
clear all;
y0=[0;0]; ts=[0 30]:
[t,y]=0ded5('dsys06';1s,y0);
figure; plot(t,y(:,1));
set(gca,'Xlim',[min(t) max(t)]); xlabel('t [s]'); grid on

B e R S SR
0.2 ' ; : 1 :
e g
0.05 LA HH-H R HH A el
.E: 0 . (] ] i
= :
005 “ L i AlRIAIE
O T T T T ey
51§ [ ]| ST, NI, 5 ] L - i v S e .
5 : i T 3 2 30

t[s]

Hinh TD 4.6: K&t qud tinh todn véi MATLAB
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4.3 Tinh toan dao dong cua hé hitru han bac tu do

Thi du 4.7 Hinh TD 4.7 biéu (1) x(t)  xll)
dién mét md hinh dao déng cua

hé gbm cac may dat trén dam ¢6 7 - - - /
ddo cing EI. Cho biét phuong 7 . . 1///;

X . - & 5 ” B N
trinh vi phan dao déng tu docia 74~ > < > ., ;

hé cé dang: ! [ ! !

M ¥(t) + Cx(1) = 0 HITITR%E

9 1 13 ]

64 6 192 m 0 0 i, (L)
vaic=f_f % % % CM=[0 m 0|,  x(t)=|x,(1)

13 1 0 0 0 m %4(t)

1192 6 64 |

Biét cac gia tri: m=200 (kg), E = 6x10°N/m* [ =2 (m), I = 4.17x10? (m")
va cac diéu kién dau x(0) = [U.l 0.0 O.O]T , X(0) =0. Hay xac dinh cac
tan s riéng, cac dang dao dong riéng va tinh toan bién d6 dao doéng tu
do cua hé bang cac hé chuong trinh MATHCAD, MATLAB, MAPLE.

Loi giai. Trude hét ta bién doi hé phuodng trinh da cho vé hé cac phuong
trinh vi ph4n cdp mét bang cach doi bién y,(t) =x(t), y,(t) = x(t):

Yi() =y,
y.()=-M"Cy, (1)
véi cde diéu kién diu: y,(0) = x(0) va y,(0) = x(0).

Chuong trinh tinh vot MATHCAD

m=200 122 Bi=0610° 1ied 1710~
9 1 13
64 6 192
m 0 0
erl 1 1 1
M.= 0 m O C.=—- E 3 _6 Aisz]-C
0 0 m |
JERNER)

192 6 64 )
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Tinh toan tan soé riéng va dang dao déng riéng

A = eigenvals( A) V1 := eigenvecs( A)

v I<0> v 1( } g 1(2)
V = augment y . w0 1= \/7\
Vip.o Vg, Vlg’g

6.496 1.000  1.000 1.000
o0 =| 10.678 V=| -1.088 0.000 1.838
28.370 1.000 -1.000 1.000

Tinh toan dao déng tu do

0.1
0 0 0 1 00 0.0
O:=|0 0 0 E:=| 0 1 0 o 0.0
0 0 0 00 1 0.0
0
- (stack (0, -M™ ¢ )
A = augment{stack\O,-M -CJ/,stack(E, O) 0
Dt ) e e 1 =2 N := 1024
z := rkfixed(x,0, T, N, D) 122 x1:=2Y 02222 532

—0.1°

Hinh TD 4.7: Két qua tinh toan vai MATHCAD
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Chuong trinh tinh voi MATLAB
Khai bao hé phuong trinh vi phéan:

function v = dsys7(t,y)

m=200; E=6*10"8; [=4.17*10"-3; I=2;
M=diag([m,m,m]);

C=E*I/1"3*[9/64 1/6 13/192;1/6 1/3 1/6;13/192 1/6 9/64];
A=[zeros(3) éyc(3);-inv(M)*C zeros(3)];

v=AtY;

Chudng trinh chinh:

clear all;

% Tinh toan tan so rieng va dang dao dong rieng
m=200; E=6*10"8; [=4.17*10"-3; 1=2;
M=diag([m,m,m]);

C=E*I/1"3*[9/64 1/6 13/192;1/6 1/3 1/6;13/192 1/6 9/64];
A=inv(M)*C; [V,D]=eig(A),
omegal=sqrt(D(1,1))

omega2=sqrt(D(2,2))

omega3=sqrt(D(3,3))

% Chuan hoa cac vec to rieng:
V=[V(,1YV(1,1) V(,2)/V(1,2) V(:,3)/V(1,3)]

% Tinh toan bien do dao dong

y0=[0.1;0;0;0;0;0]; ts=[0 2];

[t,y]=oded5('dsys7' ts,y0); figure; plot(t,y(:,1),t,y(:,2),t,y(:,3));
xlabel('t [s]"); legend('x1','x2','x3"); grid on;
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Chuong trinh tinh voi MAPLE:

Véi MAPLE ta ¢6 thé giai truc ti€p hé phuong trinh vi phén cip 2

> restart;

> with(linalg) :

> M:=diag(m,m,m) :

> C:=EI/1"3*matrix([[9/64,1/6,13/192],
(1/6,1/3,1/6]1,([13/192,1/6,9/64]1]):

> Ml:=multiply(inverse (M) ,C):

» Xiavector{ [X1(t) ,%2{6) .23 ()] s

> egt:=matadd (multiply (M, map(diff, X,t,t)),

milEiplyiC,. X)) 3
> eqgtl:=eqgt [1];

__9..]-[ (¢ I-F! 2(1) 13 ET x3(t)
6a P XN g BTN o

tl o° 1(¢7) |+ + e
eqgt! :==mj|—5x S R SR o SR S iy e =
! ar P P P
> eqt2:=eqt [2];
1 ] 1
52 651};1(!) ,-31'.?] X2(¢) GEI X3(7)
» !2 = s 3 2 [ e e e o c S S T
ed m [arz X ( )] ;3 [3 [3

> eqt3:=eqt[3];

3?2 11;2 EI 1L L) ; El x2(r) 694 ETx3(t)
eqt3 ;= m [éﬁé x3(£)}-+~~w~m = b P e T
» inlt:=x1 (0)=0.1, x2(0)=0.0,%x3(0)=0.0,
D{(x1) (0)=0.0,D(x2) (0)=0.0,D(x3) (0)=0.0:
> Me=200:)1:=2:ELl:=(0.6*%10"9) *[4,17%10" (=3} ) :
> Lambda:=evalf (Eigenvals (M1l,vecs)) :
omegal:=evalf (sgrt (Lambda([1]),5) ;
omegaZ2:=evalf (sgrt (Lambda[2]),5);
omega3:=evalf (sgrt (Lambda([3]),5);
ol = 6.4960
o2 = 10.678
w3 =28.370
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v VvV VvV VvV

vl := submatrix(vecs, 1..3, 1..1)/vecs[1,1]:
v2 := submatrix(vecs, 1..3, 2..2)/vecs[1,2]:
v3 := submatrix(vecs, 1..3, 3..3)/vecs[1,3]:
V:=evalf (augment (v1l,v2,v3) ,5);

1.0000 99999 1.0000

V:=|-1.0881 -.8270410" 1.8381

1.0000 -.99999 1.0000
dsys := {egtl,eqt2,eqt3,init}:
dsol := dsolve(dsys,numeric,method=rkf4s,

output=listprocedure, range=0..2):
with(plots) :
odeplot {dsol, [[t,x1(t)], (L, x2(t)], [E.x3(E))]})

Thi du 4.8 Cho biét phuong trinh vi phin dao déng ctua hé hai bac tu
do chiu kich ddng tuan hoan c¢6 dang:

M %(t) + Bx(t) + Cx(t) = £(t)

N I O B B O R [P 145“"(9*")

VOl = 4 — : = ; — .
0 1 -05 05 -1 1 - sin(24)

Pan diu hé diing yén. Hay tinh toan dao déng cudng bic ctia hé véi tan
sd kich déng 2 = 2 (rad/s) bang cac hé chuong trinh MATHCAD,
MATLAB va MAPLE.
Loi gidi. Trude hét ta bién ddi hé phuong trinh vi phén cap hai da cho
vé hé phuong trinh vi phin cdp mét bang cach déi bién y,(t) = x(1),

y,(t) = x(t):

Y=y,

1
¥,(t)=—M"Cy, (1) -M By, (1) + M'f(t) @

Hé phuong trinh (1) c6 thé biéu dién dudi dang:

y(®) = A.y(t) +h(t) (2)
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ng do (t): y'(t) A = 0 E O:i_() 0 E:l 0
= y.(0] -M'C -M'B| ‘LU 0] 0 1

i | r'
|

0 G S e . v, (0) x(0)
= 51 diéu kién da g | oo = -
h(t) {le(t)}’ v6i diéu kién dau y(0) L’;(U)J L'K(O)}

wong trinh tinh vei MATHCAD

=(20) m={ os o Je=l3 1) o=l o) ==ls 1)

b 2 = augmcnt(stack(o, -M l-C) ' stack(E.—M_ 1°B))

| 4sin(Q 1)
h(t) := stac 0 : : O,Ssin(ZQ-t) y:=(0 0 0 O)T

D(t,y) := Ay + h(t)

y
2 := rkfixed(y,0,20,1000,D) t:=20 x1:=2" x2:=22

Bien do dao dong x1, x2

0.57

x!

—0.57

t

Hinh TD 4.8: Két qud tinh toan véi MATHCAD
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Chuong trinh tinh voit MATLAB
Khai bao hé phudng trinh vi phan:

function v=dsys8(t,y)

M=diag([2,1]); C=[3 -1;-1 1];B=[3 -0.5;-0.5 0.5]

Omega=2; f=[4*sin(Omega*t);0.5*sin(2*Omega*t)];

h=[0;0;inv(M)*f]; A=[zeros(2) eye(2);-inv(M)*C -inv(M)*B ]; v=A*y+h;

Chuong trinh chinh:

clear all;
y0=[0;0;0;0]; ts=[0 20]; [t,y]=oded5('dsys8',ts,y0);
figure; plot(t,y(:,1),t,y(:,2)); xlabel('t [s]'); legend('x1','x2"); grid on

Hinh TD 4.8: Két quad tinh toan véi MATLAB

Chuong trinh tinh voi MAPLE

> restart;

> with(linalg):

> M:=diag(2,1) :C:=matrix([[3,-1]),([-1,1]])):

> B:=matrix(([3,-0.5],[-0.5,0.5]]):

> f:=vector([4*sin(Omega*t),0.5*sin(2*Omega*t)]) :
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> X:=vector([x1(t),x2(t)]):

> egt:=evalm(multiply (M, map(diff,X,t, )
+multiply (B, map(diff, X, t)) +multiply(C,X)) :

> eqtl —eqt[ll-f[l];

=
H

N 8 \
0qﬂ:=2 KHU] [?;KHHJ—.SL:xl!”+ﬁxhzk—xﬂf}—4ﬂd§!0
\ar’ o ot ]
= egt2:=eqgtl2]-£[2]:;

( & 3 & (&
gr2:=) CLx2A0) | =55 k1) |+ Sk” \_(r)]—alfn +x2(1) =.58in2 O 1)
Lc?” ) &/} 'l

> Omega:=Jd:
= init:=x1{0)=0.1,; x%x2{(0)=0.90;

Dixl) {0)=0.Q, D{x2) [0)=0.0;:
> dsys:
> dsol:

{egtl,eqgt2,init}:

dsolve (dsys,numeric,method=rkf45,
output=listprocedure, range=0..20):
= withi{ploty) s

> odeplot (dsol,; [[t.,x11(t)]), [, x2(t)] ]},
legend=["x1", "x2"])

hi du 4.9 Khao sat dao déng xodn cia hé rotor - g6 dd dude truyén
6ng bodi bd truyén day dai cho trén hinh TD 4.9.

J o3 J;

]

KRR XXRRRRERITRG

cy C>

Hinh TD 4.9
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Cho biét phuong trinh vi phan dao déng cua mot hé c6 dang:
M 6(t) + BO(t) + CO(1) = (1)

J, 0 0 b -b 0 e, -¢ 0
viiM=|0 J, 0| B=|-b 2b -b|, C=|-¢ ¢ +c, —¢}
D O J, 0O -b b 0 —i s

oy=[0, 6, 0,]'vaf@®)=[0 0 M,(0]
M6 men M,(¢) dude gia thiét c6 dang ham va cham hinh sin:

-

0 t<0 4007 Nm_
. T 2007
t - .
€ 0 0.5 1(s)
kO t>t, -200—

Cho biét cac gia tri: J,=J,=J3= 10 (kgm?), ¢;=c,=10° (N.m/rad), b = 2
(N.m.s/rad), M,= 250 (Nm) va t, = 0.3 (s). Hay tinh toan tin s riéng caa
hé va nghiém 6,(t), 6,(t), 6,t) bang cac hé chuong trinh MATHCAD,
MATLAB va MAPLE.

Li gidi. Trude hét ta bién doi hé phudng trinh vi phan c&p hai da cho
vé hé phuong trinh vi phan cdp mét bang cach ddi bién y,(t) = x(t),
y,(t) = x(t) (xem thidu 4.8).

Chuong trinh tinh véi MATHCAD

J =10 c::zlt}3 b:=2 cl=c e2:=c¢cl te:=03 mo = 250
J 0 cl —-cl 0 b -b 0

M=| 0] 0 Ci=| -¢cl cl +c2 -c2 B=| -b 2:b -b
0 01 0 -c2 c2 0 -b b
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0 0 0 1 0 0 t
mit) = O-sin] te— | if 0t < te
Owlo 8 o] Belo 1t g 2R=|W “( te)
0 00 0 0 1 0 otherwise
A = augmem(stack((), EY -(:.) . stack(E,—M_ 1-B)J
Tan sé riéng -0.300 + 17.318i )
-0.300 - 17.3181
0.000
A := eigenvals(A) A= _
~0.100 + 9.999:
—0.100 = 9.999
L 0.000
iyl = |?\.2| 2 1= |Jk4| w3 = llg}
wl = 0.000 w2 = 10.000 w3 = 17.321
Giai phuong trinh vi phan dao dong
0
. =k
h(t) :=stack|| O |, M 0 Sl Do D D 0)T
0 m(t)
D(t,y) := A-y + h(t) z 7= rkfixed(y. 0,3, 1000, D)
(o) (n (2 (3 |

{ =2 gli=g e =2 03 =z F ;= m(t)

Tu d6 thi két qha ta thiy céc géc quay 8, 6, 6, ting 1én theo thoi gian ¢
do chuyén déng quay xung quanh truc ctia rotor, déng thoi xuat hién cac
dao déng bé xung quanh trang thai binh on.
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01

63

Hinh TD 4.9: Két qua tinh toan véi MATHCAD

Chuong trinh tinh voi MATLAB

Khai bao hé phuong trinh vi phéan:

function v=dsys9(t,y)

J=10; ¢=1073; b=2;c1=c;c2=c;te=0.3;m0=250;

M=diag([J,J,J]); C=[cl -cl 0;-cl cl+c2 -c2;0 -c2 c2]; "
B=[b -b 0;-b 2*b -b;0 -b b];

if =0 &t<=te, F=m0*sin(p1*t/te); else ['=0; end;
h=[0;0;0;inv(M)*[0;0;F]]; A=[zeros(3) eye(3);-inv(M)*C -inv(M)*B];
v=A*y+h;
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Chuadng trinh chinh:

clear all;

J=10; c=10"3; b=2:c1=c;c2=c;te=0.3:m0=250):
M=diag([J,J,J]);C=[c] -c1 0;-c] cl+c2 -c2:0 -¢2 ¢2];
B=[b -b 0;-b 2*b -b;0 -b b];

A=[zeros(3) eye(3);-inv(M)*C -inv(M)*B];[V.D]=eig(A),
omega=sort([abs(D(1,1)) abs(D(3,3)) abs(D(5,5))));

% Cac tan SO IMeng--====n=mm-mmmmmmm— oo e
omegal=omega(l), omega2=omega(2), omegal=omega(3)
y0=[0;0;0;0;0;07; ts=[0 3]; [t,y]=oded5('dsys9" ts.v0):
figure; subplot(311);plot(t,y(:,1)); ylabel('theta 1')
subplot(312);plot(t,y(:,2)); ylabel('theta 2')
subplot(313);plot(t,y(:,3)); ylabel('theta 3'); xlabel('t [s]");

Chuong trinh tinh véi MAPLE

v

>

restart;
with(linalg) :
M:=diag(Jl,J2,J3) :

egt:=evalm(multiply (M, map(diff,¥X,t,t))
+multiply (B, map(diff,X,t))+multiply(C,X)):
egtl:=eqgt[1];

3

Crematrix([[cl,-cl,0]; [-cl,cl+c2,~-c2], [0,-c2,c2]]):
B:=matrix([[b,-b,0],[-b,2*%b,-bl, [0,-b,b]]):
X:=vector ([x1(t),x2(t),x3(t)]):

5’ : GG
(eqt1:=1(l{ﬂr,x1(f)]+2(r x](f)]—~2(ifx2(f)}+l{]{){]xl(r'}—](}()OKZ(I}
ot~ C

ot

> eqt2:=eqt [2];
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-7 .- 9
& ) : :
f.q;_g;:lt)(-- ,-thJ]—.?[: xl(r}J+-4{_\ xlrﬂ—li

>

8:
cwﬁFEB[ ﬁxlU}—b(
».

>

Vv

v vV Vv \

W

¢ (&
3 -
o) T _

or ot

+2000xX 1) —1000xX 1)
eqt3:=eqgt [3] -Mt;
2]
)

[

i -

% &

init:=x1(0)=0.1, x2(0)=0.0,x3(0)=0.0,

D(x1) (0)=0.0,D(x2) (0)=0.0,D({x3) {0)=0.0:
J:=10: c:=10"3: J1l:=J: J2:=J: J3:=J:
cl:=Cc: c2:=C: b:=2: M0:=250: te:=0.3:

Mt:=piecewise(t>=0 and t<=te,MO*sin(Pi*t/te),0):

Ml:=multiply(inverse(M),C):
M2:=multiply(inverse (M) ,B):

Z:=matrix(3,3,0):
E := matrix(3,3, [1,0,0,0,1,0,0,0,1]):
A:=blockmatrix(2,2, [Z,E,-M1,-M2]}:
Lambda:=evalf (Eigenvals (A)) :
omega:=sort ( [abs (Lambda[1]) ,abs (Lambda [3] ]},
abs (Lambda[5])]) :
omegal:=evalf (omega(l],1);
omega?2:=evalf (omega(2],5);
omega3l:=evalf (omega(3],5);
ol = 910"
w2 = 10.000
w3 =17.321
dsys:={eqtl,eqt2,eqt3,init}:
dsol:= dsolve (dsys,numeric,method=rkf4s,
output=listprocedure, range=0..3):
with(plots) :
odeplot (dsel, [[t,x1({t)] . [e,x2(t)]),[t,x3(t}]],
legend=["thetal", "theta2", "theta3"]);

xi}}]—-iﬂ@(kf[!)

x2u)]+b Lif’ x?.n(f))—c} X2At)+c2x3(t)- Mt
7
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4.4 Tinh toan tan s6 riéng ctia hé vo han bac tu do

Thi du 4.10 Thanh thing déng
chat thiét dién bién déi cho trén
hinh TD 4.10. Biét E = 2,1.10°
(N/mm?) , p= 7,85.10° (kg/mm?),
[ = 400 (mm). Hay tinh toan tan sd
riéng dao déng doc cua thanh bang
cac hé chudng trinh MATHCAD,
MAPLE.

a) Su dung ty s6 Rayleigh tim Hinh TD 4.10

tan s6 riéng co ban,

A
W

L
>

b) Su dung phuong phap Ritz tim hai tan s6 riéng dau tién.
Loi giai. a) Ty s6 Rayleigh dé61 v6i dao dong doc cua thanh c¢6 dang:
!

'[EA(x)X'? (x)dx
0

JpA(.r}X3 (x)dx
0

Trong thi du nay dién tich mét cat ¢6 dang:

5

A(x) = kb[l - -}] (2)

Thé (2) vao (1) va st dung ky hiéu ¢ = £/p ta duge:

/ EY .
I(I—;J X' (x)dx

w2 =c*2 iz (3)

/ )2
J-(l - —-J Xz(x)dx
s [

Thuc hién phép déi bién x = /£ ta co:

dX dX
! = =
X'(&) e / .7 (4)
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2
f(x) = [1 —7] = f(&)=(1-8)’ (5)
Thé (4), (5) vao (3) ta dudc
1
[rex@a
A=t (6)
[rexiEae
0
242
Trong do : g T i (7)
C

D61 véi thanh dao ddéng doc nhut trén, ta chon ham X (&) thda man diéu
kién bién:

X(g) =sin¢ (8)

b) Khi 4ap dung phudng phap Ritz, ta chon cac ham X,(£ va X,(&) co
dang nhu sau

X, =sinZt, X,(6)= sinfg—‘-a ©)

Khi d6: X(&) = a, X, (&) +a, X,(©) (10)

Cac ham X,(¥) va X,(& cung thoa man cac diéu kién bién cua bai toan.
Duéi day 12 ma nguén cac chuong trinh tinh toan tin s riéng dudc lap
trén méi truong MAPLE va MATHCAD.

Chuong trinh tinh voi MAPLE

[ Theo ty so Rayleigh
> regtart:
> f:=(1-x1) *2;
f=(1-£)

> X:=s8in(Pi/2*xi) ;
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» Ils=int (F*adiff (X, i) 2, 2dub. . 1)
B I2:=int{(f*X"2 . xi=0..1)
> lambda:=evalf (sgqrt(I1/I2),5);
A =3.1811
> E:=2.1*%10"5:rho:=7850*10"(-8) :1:=400:
> omega:=evalf (sqrt (E/rho) *lambda/1l,5) ;

®w:=411.32
[Theo phuong phap Ritz
> restart:
> F:=(1-xi)"2;

fefl=Ey

> X[1])] :=sin(Pi/2*x1i) ;
X[2] :=8in(3*Pi/2*xi) ;

- g
g~

> AX AT e=dAEE (XT1L) 350 ) :AdX [2] s=@1EF (X][Z] ;581 ¢
> Br=3¥rav(l..2;1::2)sBs=aryayil; .2,;1..2);
= for i from 1 to 2 4o
for k from 1 to 2 do
ABli,k]z=int (E*dX[i] *dX [K] ,xXi=0..1);
B{i,k]z=int (f*X[i] *X[k] ,xi=0..1);
end do;end do;
> glam:=evalf (Eigenvals (A,B)) :
> lambda:=sort ([sgrt (glam[l]),sqgrt(glaml[2])]);
A:=[3.146711311 6.322085300|
> E:=2.1*%10"5:rho:=7850*10"(-8) :1:=400:
> omegal:=evalf (sqrt (E/rho) *lambda 1] /1,5);
omegaZ2:=evalf (sgrt (E/rho) *lambda [2] /1, 6) ;
!l :=4006.88

w2 :=817.478
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Chuong trinh tinh voit MATHCAD
Theo ty s& Rayleigh

E:=2110 p:=785010° 1:=400

() =(1-2" x(:- sin(g-é)

1
2 ]
n:J di)-(igx(é)} dg 12:=J (e)-(x(2) ez

0
0
Il A |E
A= |— A= 3.181 owl=— [— wl =411.324
12 1y p

Theo phuong phap Ritz

sin[g-é) j—a"(‘r’:}[}
oE) := - dx(g) :=
sin(—*ﬁ) ‘d—x(é)l
2 dg
A=]foriel.l B:=]fori1e€0..1
for ke 0..1 for ke0..1
] 1
Vip® J f(e)-dx(8);-ax{g)y de LR J () x(8)i ey d&
0 0
Vv v

: ( Is(A,B) A % A 3']4?]
.= sort(genvals " = =
; ® | [lq, 6.322

% B 406.885
Wi=—f— 0=
1 p 817.476
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Thi du 4.11 Dam céng x6n bang 2
thép déng chat, c6 bé day b khong h %
d6i cho trén hinh TD 4.11. Biét —_— e /5//,4 =
E=21.10° (N/mm?, p = 7,85.10° L;____%
(kg/mm?®), I = 400 (mm), b = 20 d ,%

(mm) va h = 70 (mm). Hay tinh
toAn tAn sd riéng dao doéng udn
cua thanh bang cac hé chuong |
trinh MATHCAD, MAPLE.
a) S’ dung ty sé Rayleigh tim
tan sé riéng cd ban,
b) St dung phuong phap
Ritz tim hai tan s6 riéng
dao dong udn dau tién.

o

HinhTD 4.11

Loi giai. a) Ty s6 Rayleigh d61 véi dao dong udn cua thanh c6 dang:
!
j EI(x)f"? (x)dx
0?=2 , (1)
[1(x) 12 (x)ex
0

irong d6 I(x) 12 mé men quan tinh mit, x4(x) la khoi ligng trén mot don vi
1ai ctia dam:
X

1
I(x)=—bh’
(x) 12 [l

3 o
], p(x) = pbh= (2)

I'a chon dudng cong udn gan diing cua didm thoa min cac diéu kién bién
nhu sau:

f(x) = a.(l -ﬂ (3)

5) Khi ap dung phuong phap Ritz, ta chon dudng cong uén gan ding cu
iam dé thoa man cac diéu kién bién ctia bai toan:;

f(x):a,(l—ﬂ +az-’l5[1—ﬂ (4)
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Dudi day 14 ma ngudn cac chuong trinh tinh toan tan sé riéng dugc lap
trén moi truosng MAPLE va MATHCAD.

Chuong trinh tinh vdi MAPLE

[Theo ty so Rayleigh

>

>

=

>

restart:

f:=al*(1-x/1)"2

EI:=E*1/12*b*h"3* (x/1) "3

mu:=rho*b*h*x/1:

I:=dnt( BISQiCEAQIEELE €)X} "2 ®=0uul )&
I2:=int (mu*f"2,x=0..1):
omega:=evalf (sqrt (I1/12),5);

® :=1.5812,, /
U v P
E:=2.1*10"5:1:=400:b:=20:h:=70:rho:=7850*10"(-8) :
omegal:=evalf (omega,5) ;

1 :=33.719

[Theo phuong phap Ritz

>

>

>

>

restart:

f:=al*(1-x/1) "2+a2*x/1*(1-x/1) "2

Ix:=1/12*b*h"3* (x/1) "3

mu:=rho*b*h*x/1:

fl:=Ix*diff (diff (£f,x),x)"2-omega”2/E*mu*£"2:

Phi:=int (fl ,x=0..1):

Al:=diff (Phi,al):

B2 y=QifE (Phi a2}

Bl:=collect (Al, [al,a2]):

B2:=collect (A2, [al,aZ]):

B:=linalg[matrix] (2,2, [[op{1,Bl)/al,op(2,B1l) /fa2]
[op(1,B2)/al,op(2,B2)/a2]])

eq:=linalg[det] (B)=0:

omega-=evalf([solve(eq omega)],5);

h /p hpE hipE
{4 9943 2 LP2 |4 9943 --?——EE- 145355 -3 — 1. 5353 14P }

pz’ o I pF p 2
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> E:=2.1%10"5:1:=400:b:=20:h:=70:rho:=77850*10" (-8) :

> omegal:=evalf (omega[3],5);:

omega?l:=evalf (omegal[l],5) ;
wl = 34.742
w2 :=113.02

Chuong trinh tinh voi MATHCAD

Theo ty sé Rayleigh

E:= 2.!-105 p = '?85010_8 1:=400 b:=20 h:=70

2 3 3
X b-h X p-b-h-x
‘= ] — - 1 = —] - ) - et
f(x) ( 1) (%) s (lj 1(x)

1

2
42 | 2
I1:=| EI(x)- 5f(x) | dx 12:= | p(x)(f(x))" dx
dx 0
0
wl = ﬂ wl = 35.78
12

Theo phuong phap Ritz

X * X X ”
f(x,al,aZ) ::al(]——]] +32_l(1_._l]

2
d2 0)2 2
fl(x,al ,a2,m) = I(x)- —Qf(x,a],aQ) - —E—-p(x)-f”(x,al AZ)
dx :
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5 [l | .
d 5 J ol dolde| B LJ fi(x,al,a2,0) dx
da] 0 da2 dal 0
1 5 [ 7l
g d_mJ fi(x,al a2, 0) dx —d—z J f(x,al,a2,0) dx
_dal da2/, da? ]

0
ft(al,a2,m) ‘= |<:D(ai,a2,m)|

= -

tD(ai,aZ,m) =

w:=30 (giatri ban dau)
wl = root(fl(0,0,m),m) ol =34.99 (két qua tinh toan)

®:=110 (gia tri ban dau)
02 :=root(ft(0,0,w),0) ®2=11324 (két qua tinh toan)

Bai tap chuong 4

4.1 St dung cac hé chuong trinh MATHCAD, MATLAB, MAPLE tim
nghiém cta cic phudng trinh vi phan sau bang phuong phéap sé:

a) 3X4+6x+12x =35(1),

t=0

1 2 4
trong do6 o(¢) = { & ? diéu kién dau: x(0) = 0.01 va x(0)=1.0

0
b) X+2x+3x=sint+5(t —7)

vl diéu kién dau: x(0) =0, x(0)=1.0

4.2 Mot hé dao dong cudng biic dude md ta bdi phuong trinh vi phén:
mx +bx+cx = F(t)

Cho biét cac gia tri: m = 100 (kg), b = 200 (kg/s), ¢ = 2000 (N/m),
F(£) = 150c0s(10¢) + 50c08(20¢).. Hay tinh todn bidn 88 dao déng cudng
btc binh 6n x(t) bing cac hé chuong trinh MATHCAD, MATLAB,
MAPLE va so sanh két quia v8i nghiém giai tich bing d6 thi.

4.3 Hé dao déng tuyén tinh mot bac tu do dude méd ta bdi phuong trinh
vi phan nhu bai tap 4.2. Cho biét cac gia tri: m =10 (kg), b = 20 (kg/s) va
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¢ = 5000 (N/m). Ban ddu hé dang yén. Hay tinh tcan va biéu dién trén
dd thi bién d6 dao dong tng vdi cac ham kich dong cau:

a) F(¢) =1500 N trong khoang ¢, <t <t, véi ¢, = 0.5 (s), t, = 0.6 (s)

150sin™  0<r<z,
b) F(f) = ‘ véi £, = 0.6 (s) (hinh BT 4.3b)

0 t>1,

SOSin[l—r] 0<t<1,

n FQ@)= l5 vG1t, = 0.6 (s) (xem hinh BT 4.3c¢)
0 r>1¢,
t
k(i) = t, vol t, = 0.6 (hinh BT 4.3d)
500 t>1¢,
2000 T T 200 I I
- ) o)
1000 [~ — 100 —
0 | 0 | - ]
0 0.5 1 1.5 0 0.5 ]
60 T T o) 71— i
40 = 400 = =
20 - 200 — =
£ d)
| | | |
v 0 0.5 ] 1.5 ‘ 0 0.5 1 1.5

Hinh BT 4.3



236 BAI TAP DAO DONG KY THUAT

4.4 Hé dao dong mot bac tu do ¢6 ¢ can ty 1é binh phudng van téc, chiu
kich dong béi médt lye F' = F, trong khoang thdi gian ¢, <t <t,. Phuong
trinh vi phdn dao dong ctia hé c6 dang:

mx + asign(x)x* +cx = F(t)
Cho biét m = 10 (kg), ¢ = 200 (N/m), a = 5, F, = 150 (N), ¢, =1.5 (s),
t,= 5(s), cac diéu kién dau: x(0) = 0 va x(0) =1.0. Hay tinh toan va biéu
dién trén d6 thi bién dé dao déng bing MATHCAD, MATLAB, MAPLE.

4.5 Hé dao dong mdot bac tu do ¢6 thanh phan d6 ciing phi tuyén. Phuong
trinh vi ph4n dao déng ctaa hé cé dang:

mi+bx+cx+cx’ =F()
150sin  0<r<r,
Luc F(t) c6 dang: F(¢) = 1 véi t, = 0.5 (s).
0 t>1,

Cho biét m = 100 (kg), b = 30 (kg/s), ¢ = 2000 (N/m), ¢; = 300 N/m?, cac
diéu kién dau: x(0) = 0.01 va x(0) =1.0. Hay tinh toan, biéu dién trén dé
thi bién d6 dao dong bang MATHCAD, MATLAB, MAPLE va so sanh
két qua vdi truong hop tuyén tinh (¢, = 0).

4.6 Cho biét phuong trinh vi phan dao dong ctia hé ba bac tu do c6 dang:

M x(t) + Cx(t) = £(t)

04 0 O 30 -30 0 F(?)
v6iM=|0 20 0] C=10%-30 38 -8|f()=| O
0 0 8.0 0 -8 88 0

trong d6 F(¢) =1000 N trong khoang #, <t <t, v6it, = 0.1 (s), ¢, =0.3 (s).
Cho biét ban ddu hé ding yén, hiy tinh toan tin sb riéng, dang dao

déng riéng va bién d6 dao déng ctia hé bing cac hé chuong trinh
MATHCAD, MATLAB va MAPLE.
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4.7 He dao dong tuyén tinh c6 can dudc biéu dién bdi phuong trinh vi
phan:

m 0 0]X%, 27 —-27 O [% 3 -3 0}x F(1)
0 4m O X, |+|-27 54 -=27|x, il =B x l=] O
0 0 m|x 0 =27 27 |x 0 —3 3 ix 0

Cho biét cac gia tri: m = 3000 (kg), E = 6.9x10°N/m*, I = 5x10° (m?*), [
= 2 (m). Ban dau hé ding yén. Luc F(¢) c6 dang:

10°r 0<r<10
F(@) =
10° r>10

Hiy tinh toan, biéu dién trén dd thi bién d6 dao domg bing MATHCAD,
MATLAB, MAPLE.

4.8 Hay tinh toan bién do dao dong ctia hé bon bac tu do cbé can, chiu
kich déng tuan hoan bang cac hé chuong trinh MATHCAD, MATLAB,
MAPLE. Cho biét:

= - s

4 0 0 O 4 -1 0 O] HF 5 -1 @ ©
0O 3 0 0 =T 2 =1 0 =1 2 =1 ©
M = B = C=10%]
6§ 0 25 O 68 =1 2 =1 0 -1 2 -1
0 0 0 6 (0 0 -1 1| {0 0 -1 1|
i 0 1 0 ] 13
0 < o 0 . 0
f(l)= ) _ , cac diéu kién diu: x(0) == , X(0) =
sin(4z) + sin(8¢) 0 0
| cos(4r) + 0.5cos(8¢) | 1 0.01 | 0 |

4.9 Mot hé dao déng cudng bic véi hai tan sd duge md ta bsi phudng
trinh vi phan:

mx+bx+cx=F sinQ+ F, sinQ,t

a) Giai phudng trinh vi phédn bang cac hé chuong trinh MAPLE,
MATLAB, MATHCAD véi cac tham s6 tu chon.

b) Dat = Q. /w; 1 =1; 2), vé quan hé giia cac bién d6 va n,.
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4.10 Cho hé dao déng nhu hinh BT 4.10. Cho 7
biét: m = 1800 (kg); ¢ = 7200 (N/m); & = 13000 |
(kgls); f(t) = Fosins¥; F,= 130 (N) va Q= 20 b
(rad/s).
a) Thiét lap phuong trinh vi phan dao déng
caa hé. g c
b) Tinh toan dao ddng cudng bitc binh 6n cia =
hé bang cac hé chuong trinh MATHCAD, s
MATLAB, MAPLE. L 10
Ddp sé: a) Phuong trinh vi phén dao dong:
Hinh BT 4.10
i+ %+ cx =£€9‘+1‘?0 sinQruf—F—‘"—cosQr
b bQ bQ2
A
d
I 7R e R /5 i

A
A

Hinh BT4.11

4.11 Cho mét truc may nhu hinh BT 4.11. Truc dong chat c6 thiét dién
hinh trén ¢6 modul dan héi E, mat d6 khéi p. Cho biét chiéu dai cac doan
truc a, b va cic dudng kinh d;, d;. Stt dung ty s Rayleigh, hay tinh toan
tdn sO riéng cd ban dao ddng udn cua truc bang cac hé chudng trinh
MATHCAD, MAPLE.

2 E(n]“ dl[z—sinz+v}(n—z +sinz)]

/

Dadp s6: 0 =—

P 16[z —sinz + v (n -z +sin z)]

vai z=2?a,v=d2,l=2a+b

1

Hudng dén: Ta c6 thé chon dudng cong udn gin ding cta ddm thda

B il S S S . X
man cac diéu kién bién: f(x) = 5111-—1—.
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